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THE FINITE ELEMENT METHOD THEORY IN DEPTH

Mathematics is not about numbers,
equations, computations, or algorithms:
It is about understanding.

William Paul Thurston

1. INTRODUCTION

As a mechanical engineer, you most likely will not develop your own finite element software, you
will typically use commercial finite element software to solve complex structural problems. You may
ask yourself why you should learn the theory of Finite Element Method (FEM).

It is certainly important to develop a practical understanding of FEA. However, it is also essential to
understand exactly what the solver is doing in the background. If you have an issue with an analysis
or an unexpected problem, you may need to understand what is happening in the background. This
document therefore presents the theoretical aspect of the finite element method.

In chapter 5 of “Practical Finite Element Analysis for Mechanical Engineers”, | present the Finite
Element Method theory in fifty pages without showing all the demonstrations, just as an
introduction. Here, | want to go deeper and not only present you with the results, but | also want to
show you in detail where the things are coming from.

This document presents how to obtain the stiffness matrices of various topologies of elements. Then,
| will present the matrix assembly and decomposition processes. Finally, | discuss the methods of
solving simultaneous linear equations.

For a good understanding of stiffness matrix computation, you should know the basic equations of
the theory of elasticity. They are presented in many texts so | will not discuss these equations.
However, | recommend, especially, the book of Timoshenko and Goodier, Theory of Elasticity, 3rd
Edition, 1970.

BY DOMINIQUE MADIER — FEA ACADEMY DIRECTOR 7
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There are three basic sets of equations that the reader has to know:
1. The differential equations of equilibrium formulated in terms of the stresses acting on a body.
2. The strain-displacement and compatibility differential equations.
3. The stress-strain or material constitutive laws.

In Appendix C of “A First Course in the Finite Element Method, 4th Edition, 2006”, Professor Daryl L.
Logan did a remarkable and complete summary of these sets of equations. | will use these equations
for the derivation of the element’s stiffness matrices.

The theoretical concepts presented here are tackled step by step, from simplicity to complexity. If
you are a beginner with the FEM theory, | strongly recommend you read this document from the

beginning, following the concepts from the simplest topologies of 1D elements to the more complex
2D and 3D elements.

BY DOMINIQUE MADIER — FEA ACADEMY DIRECTOR 8
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2. THEe EQuiLiBRIUM EQUATION

With the finite element method, a continuous system described by differential equations is idealized
by a discrete system called the mesh. The discrete system is a collection of elements connected at
nodes. A structural problem with an infinite number of degrees of freedom is converted into a
problem with a finite number of degrees of freedom, making the problem solvable by a computer.
When the nodes are displaced, the elements have an elastic response within their domain, providing
a representation of the elastic properties of the complete system.

Reality: Continuous system subjected to continuous phenomena
Vi .

Structural
idealization

Idealization: Discrete System

FiG 1 — FROM CONTINUOUS SYSTEM TO DISCRETE SYSTEM

THE EQUILIBRIUM EQUATION 9
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For continuum mechanics problems, the unknown quantities of the mathematical model are the
nodal displacements. The finite element method is based on the following matrix equation, which
defines the state of equilibrium of forces acting on a structure:

[M]{i1} + [Bl{u} + [K]{u} = P(t) Eq1
[M]  Mass Matrix {i}  Acceleration Vector P(t) Applied Load
[B] Damping Matrix {u}  Velocity Vector

[K]  Stiffness Matrix {u} Displacement Vector

Variations of this equation of equilibrium are used to solve different types of structural problems:

GENERAL EQUATION OF EQUILIBRIUM
[M]{ii}+[B]{u}+[K]{u}=P(t)

Buckling Analysis
(IK1+ A [Kg]){9} =P

Vibration Analysis —

([K]-A [MD{¢}=0 [ [M]{i}+[B]{u}+[K]fu}=P(t)

A is the it" eigenvalue.
{®} is the it" eigenvector.
[Kq4] is the Differential Stiffness Matrix (called also geometric stiffness).

FiG 2 - VARIATIONS OF THE GENERAL EQUATION OF EQUILIBRIUM

To solve structural problems, both the displacement method and the minimum potential energy
approach are employed. We will have a look at these methods, and we will dive in detail into the
formulation of the stiffness matrix for various topologies of elements. Finally, we will have a look at
the process of matrix assembly and decomposition as well as the methods to solve the equation of

equilibrium.

THE EQUILIBRIUM EQUATION 10
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3. THE DISPLACEMENT METHOD

The displacement method (also called the stiffness method) assumes displacements at the nodes as
the unknowns of the problem. | use the linear spring to explain the stiffness matrix concept, because
itis a simple element that facilitates the illustration of basic concepts. | also present how to assemble
the stiffness matrix of a system comprising several springs.

First, the following introduces three conditions that must always be satisfied in any analysis.

3.1. THe THREe CONDITIONS

In a linear static analysis, the following three conditions must be satisfied:
1. The equilibrium of forces and moments
2. The compatibility of deformations
3. The Stress-Strain relations

Equilibrium
Let recall the Newton’s second law of motion:
e The resultant force acting on a body is equal to the rate of change of linear momentum (mass
times velocity): ). F= % (mv)
e The resultant moment is equal to the rate of change of angular momentum (moment of
inertia times angular velocity): Y M = i (lw)

A consequence of Newton’s second law is that static equilibrium requires that the sum of forces and
moments disappears at all points of the structure. Therefore, for a static body, the equilibrium

Zﬁ=o
ZM=0

equations are written as:

Compatibility of deformations

The compatibility of deformations (also called the strain-displacement relations) requires that the
displacements are continuous across the body.

Stress-Strain relations

The generalized Hooke’s law states that for a linear material:

{o} = [E]{e} Eq3

THE DISPLACEMENT METHOD - THE THREE CONDITIONS 11
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Where:

o {o}={o, 0, 0, T,, T,, T} is the stress vector
. {£}={€x & € Vy Yy sz} is the strain vector

e [E]is the 6x6 matrix of elastic constants.

3.2. THE STIFFNESS MATRIX

The three above conditions are used to generate a system of equations in which the displacements
are unknown. In the displacement method, the key step is the formulation of the element stiffness
matrix. The stiffness matrix [K] is used to relate the forces acting on the structure and the
displacements resulting from these forces:

{F} = [Kl{u} Eq4
Where:
o {F}are the forces acting on the structure
e [K] is the stiffness matrix [ki]
e Each kj term is the force of a constraint at coordinate i due to a unit displacement at j with
all other displacements set equal to zero
e {u}are the displacements resulting from {F}

Each element in a finite element model is represented by its own stiffness matrix [K]element

To prevent rigid body motions, boundary conditions are applied, and the system of linear equations
is solved for the unknown {u}.

3.2.1. Element Stiffness Matrix

The stiffness matrix of a structural system can be derived by various methods. For each element
composing the structural mesh, the stiffness matrix is computed in the element local axis and is
transformed to a global coordinate system common to all elements. The stiffness matrix is an
inherent property of the structure. The properties of the stiffness matrix are:

e The stiffness matrix is square

e The stiffness matrix is symmetric

e All diagonal terms are positive

3.2.2. Global Stiffness Matrix

Once the element stiffness matrices are calculated, they are assembled into a unique global stiffness
matrix depending on how the elements are connected. As we will see in paragraph 6 page 132,
stiffness at a node is obtained by summing the stiffness of all elements connected to that node.

THE DISPLACEMENT METHOD - THE STIFFNESS MATRIX 12
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Assembling the global stiffness matrix of a structure therefore consists of placing each degree of
freedom for each element in its proper position in the global stiffness matrix of the whole structure.

THE DISPLACEMENT METHOD - THE STIFFNESS MATRIX 13
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Mesh the structure with 1D, 2D and/or 3D elements

Assign geometrical properties to the elements

Assign material properties to the elements

Compute the element stiffness matrix [ke] in the local
coordinate system

Convert the element local stiffness matrix [ke] in the global
coordinate system

Place the element stiffness matrix into the global stiffness
matrix at the location corresponding to the element’s degrees
of freedom

No Are all

elements

over?

Ye

Store the global stiffness matrix

FiG 3 — ASSEMBLY OF STIFFNESS MIATRIX FROM LOCAL TO GLOBAL

THE DISPLACEMENT METHOD - THE STIFFNESS MATRIX 14
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3.3. THE LINEAR SPRING MODEL

To understand the basic concepts on which the stiffness method is based, consider the simple,
intuitive example of the linear spring. Consider the linear spring Fig 4 having a length L, a stiffness
“k” and subjected to a nodal tensile force P along its axis.

k
G1 G2

e AN

FiG 4 — THE LINEAR SPRING MODEL

The spring deformation is given as: 6 = u — ug
The Hooke’s law relates the acting force P to the displacement: P = K& = k(uz — u1)
Moreover, the equilibrium condition implies:

fxi=-Pandfxo=P
So, the force-displacements relationships are:

fx1 = —k(uz — u1) = k(uz — uz)
fxa = k(u2 — u1) = k(—u1 + uy)

The force-displacements relationships can be written in matrix form:
fx)) 1k -kl
{fxz} o [—k k ]{uz} Eq5

The coefficient matrix in the above equation is called the local stiffness matrix [K]eiement of the spring
element:

k —k]

[K]etement = [—k k Eq 6

THE DISPLACEMENT METHOD - THE LINEAR SPRING MODEL 15
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The force vector acting on the element is:

fx1}

[Fletement = {fxz Eq7

Then, for a system discretized with N elements, the global stiffness matrix and the global force vector
can be assembled using the nodal force equilibrium, force/deformation, and compatibility equations.
The stiffness matrix of the system composed of N elements expressed in the global coordinates is
then:

[F1= ) [Fle Eq9

Let’s apply these results to a two-spring system in series.

THE DISPLACEMENT METHOD - THE LINEAR SPRING MODEL 16
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3.4. APPLICATION TO THE TWO-SPRING SYSTEM

Consider the following two-spring system composed of two spring k1 and k2 subjected to a force P»
at one extremity and a force Ps in the middle. The extremity at grid 1 is fixed:

Element 1, k1 Element 2, kz
7 Gs G2
! !
i 3 | P:
FiG 5 — THE TWO-SPRING SYSTEM
So, the following parameters,
e fxq: force reacted at grid 1 of element 1
e fxy: force reacted at grid 2 of element 2
e fxs: force reacted at grid 3 common to elements 1 & 2
e ui: displacement at grid 1 along the x-axis
e uy: displacement at grid 2 along the x-axis
e us: displacement at grid 3 along the x-axis
can be related in matrix form for each element using the Eq 5:
fx) _[ k1 —ki](a
For element 1: fxs) ~ |=ky ky {u3} Eq 10
fx3) _ [k —kz]us
For element 2: fx,) " =k, Kk, {uz} Eq 11

The compatibility of displacements requires that: ug'ement 1=yglement 2
The nodal equilibrium equation at each node is then:
Pi= leeIement 1

PZ - fxzelement 2 Eq 12

- element 1 element 2
P3 = fx3 +fx3

The three above equations can be written as force-displacement equations using Eq 10 & Eq 11:

P1=kiu1 — kius
P, = -kous + koun

Eq 13
P3 = (—k1u1 + k1U3) + (k2u3 - kZUZ)

THE DISPLACEMENT METHOD - APPLICATION TO THE TWO-SPRING SYSTEM 17
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The three above equations written in matrix form give:

Py kp 0 —ki (W1
{Pz} =10 k;, —k, {uZ} Eq 14
P3 _kl _kz kl + k2 u’3
So, the global stiffness matrix of the two-spring system is:
kq 0 -k,
[K]=] 0 k, —k; Eq 15
—ky —k, ki+k,

However, the global stiffness matrix can also be assembled by superposition.

Considering the two-spring system from Fig 5, the elemental stiffness matrix for each element can
be written as:

For element 1: For element 2:
ki —kq|u ky  —kp]Us
[K]elementl = [_kl ky ]U3 [K]elementz = —k, k, ] Uz
Uiz us us uz

If we write the expanded stiffness matrix in global format for each element, we obtain:

- A element 1
k4 0 k1] (W x—Node 1
Forelementl: | O 0 0 [{Uz; = 0
— element 1
—k; 0 ky 1\us x—-Node 3
[0 0 0 71(uq 0
element 2
Forelement2: |0 k, —ky|{Uz2¢ =< x-Node?2
_ element 2
10 k, ko 1\us x—Node 3

From the force equilibrium equations:

element 1 0 p1
X—Node 1 element 2
0 + < Jx-Node2 [ =P, Eq 16
element 1 element 2 P
x—Node 3 x—Node 3 3
We obtain,
P]_ kl 0 _k1 ul
{Pz} =10 k; —k; {uZ} Eq 17
P3 _kl _kz kl + kz u’3

Which is the same result as Eq 14.

THE DISPLACEMENT METHOD - APPLICATION TO THE TWO-SPRING SYSTEM 18
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However, we can avoid the expansion of each element stiffness matrix by using a more direct form
of the stiffness matrix. The global stiffness matrix may be constructed by directly adding terms
associated with the degrees of freedom in [K]element 1 and [K]element 2 to their corresponding degrees

of freedom:
For element 1: For element 2:
k —k{lu k —k->] us
[K]elementl = [_lil kll] u; [K]elementz = _;2 kzz] us
ui us usz uz
(V5] uz us
k1 0 _k1 Ui
Kl=|o0 &k, -k, | w Eq 18
_k1 _kz k1 + kz us
So, in order to solve the two-spring system:
P1 kl O _k1 u]_
B 5 R
P3 _kl _kz k1 + kz Us

we have to verify if the stiffness matrix is not singular. In other words, we have to make sure that its
determinant is not null.

kl O _kl
k —k 0 —k 0 k
det(K]=| 0 ky —ky |=ky| 7/ 2 —o|_ 2 l=k| 7
“ky —k, ki +k, k, ki+k, ki ki+k, ky ko
Eq 20
det[K] = kqlky(ky + k) — koko] — kq(kiky) = kikoky — kykik, =0 Eq 21

The global stiffness matrix of every system is singular because the structural system is free to move
as arigid body. To solve the system of equations, some constraints, called boundary conditions, must
be applied. Two types can be applied: homogeneous and non-homogeneous boundary conditions.

THE DISPLACEMENT METHOD - APPLICATION TO THE TWO-SPRING SYSTEM 19
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Homogeneous boundary conditions

The boundary conditions are related to grid 1 which is clamped (homogeneous boundary condition).
So, we can consider that u; = 0. The equations describing the elongation of the spring system become:

Py [ k----0-----—ky (0
{Pz = 0 k, —k; {uz} Eq 22
P3 _kl _kz kl + kz u3

For homogeneous boundary conditions, we can delete the row and column corresponding to the
zero-displacement degree of freedom. The system becomes:

=L ol

P3 N _kz k1 + kz u3 Eq 23
The determinant of the above stiffness matrix is now non-null, so this system has a solution, uz and
us can be calculated. The reacted force Py at grid 1 can also be calculated from Eq 22:

P1 = -kus Eq 24

Non-Homogeneous boundary conditions

Let’s consider a non-homogeneous boundary condition at grid 1: u1 =6

The equations describing the elongation of the spring system becomes:

P1 kl O _k1 6
{Pz} =10 k, —k, {uz} Eq 25
P3 _kl _kz k1 + kz u3

Where, 0 is a known displacement and u; & us are the unknown displacements.

For non-homogeneous boundary conditions, we cannot directly delete the row and column
corresponding to the 0 displacement degree of freedom, we have to transfer the terms from the
stiffness matrix to the left-side force vector before solving the unknown displacements.

P1 = k10 - kyus
PZ = sz2 - k2u3 Eq 26
P3 = -k1d - kauz +(ki+kz)us

P1is a reaction from the support that has moved an amount of 3. The known o term is moved on the
left side:

{ P, } _[k ke ]{uz}
P3 + k16 _k2 kl + kz u3 Eq 27

THE DISPLACEMENT METHOD - APPLICATION TO THE TWO-SPRING SYSTEM 20
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U, and Us can be calculated. Then the reacted force P; at grid 1 can also be calculated from:

P1 = k10 - kyus.

THE DISPLACEMENT METHOD - APPLICATION TO THE TWO-SPRING SYSTEM 21
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3.5. APPLICATION TO THE FOUR-SPRING SYSTEM

Consider the following four-spring system:

) Element 1 Element 2 Element 3 Element 4 )
Ps §
k1 k2 ks ka
o
FiG 6 — THE FOUR-SPRING SYSTEM
The elemental stiffness matrices are:
Uz usz uz us
k —k k —k
[K]elementl = _]il k11] [K]elementz = _Iiz kzz]
us Ua Ug Us
k —k k —k
[K]element3 = _;3 k33] [K]element4 = _]:4 k44]
Using superposition, the global stiffness matrix is:
Element 1 Element 2 Element 3 Element 4
ui uz us Ug us
kT =~k 0 0 0
b, k¥ETTSRy 000
(K= 0 =k, kithks ~Zks 0O
0 0 —ks__k st ks —ky
0 0 0 ke ky!
The global force-displacement equations are:
k4 -kq 0 0 0 Uy x4
'kl kl +k2 'kz 0 0 U fXZ
0 'kz k2+k3 'k3 0 Uz » = fX3 Eq 28
0 O 'k3 k3 +k4_ 'k4 u4 fX4
0 0 0 'k4 k4 Us fXS

THE DISPLACEMENT METHOD - APPLICATION TO THE FOUR-SPRING SYSTEM 22
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Applying the boundary conditions (u1=0 and us=3) and the known forces (fx,=fxs=fx4=0 & fxs=Ps), we
obtain:

oo oo 07 0) iy

_kl k1 + kz _kz O 0 u’Z
0 —k, kytks —ks 0 [{u; } ={0 } Eq 29
0 0 ~ks kst ky —ky||us 0
d 0 0 _k4_ k4 o) P5 )
kl + kz _kz 0 0 Uy 0
_kz kz + k3 _k3 O u3 _ O
0 ks kst k, —ky[Jus(")0 Eq 30
O O _k4_ k4_ 6 P5

For non-homogeneous boundary conditions, we cannot directly delete the row and column
corresponding to the & displacement degree of freedom. We have to transfer the terms from the
stiffness matrix to the right-side force vector before solving the unknown displacements. It gives the
following solvable system:

k1 + kz —kz 0 U, 0
—ky  kyt+ks  —ks {u3} = { 0 } Eq 31
O _k3 k3 + k4, Uy k46

We can calculate the unknown displacements uz, us and us from this system and also calculate the
reacted force at grid 1 by fxi = -kquz.

THE DISPLACEMENT METHOD - APPLICATION TO THE FOUR-SPRING SYSTEM 23
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3.6. APPLICATIONTO A PARALLEL-SPRING SYSTEM

Element 2, kz

IR
A —

B AR AN AL

FiG 7 — THE PARALLEL-SPRING SYSTEM

The elemental stiffness matrices for each element are:

ui uz

k —k
[K]elementl = _]il kll] Us

uz us
[Kletement 2 = _k];zfz —kl:z] Z;

uz Usg
[Kletement 3 = _k]i3 _klzg] Zf;

Using the concept of superposition, the global stiffness matrix is:

ui uz us Us
kq -k, 0 0 Juz
K] = —ky ki+ky,+k; —k, —ks|u:
10 —k, k, 0 [us Eq 32
0 —ks 0 ks fus

Applying the boundary conditions: uis = uz = us =0
Applying the known force fx, = P

Applying the compatibility of displacements: u,elementl = ,element2 — ) element3 — ;,

THE DISPLACEMENT METHOD - APPLICATION TO A PARALLEL-SPRING SYSTEM 24
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The global force-displacement system becomes:

ky —k, 0
—ky ky+thky+tks —k,
0 —k, k,
0 —ks 0

So, solving for the unknown displacement u;:

0 0 fxl
_k3 u’Z — P
01)o f3 Eq 33

k3 0 fx4

(k1 + kz + k3)U2 =P

U, =

And, solving for the reacted forces gives:

P
ki + ky + ks

fX1 = -k1U2 fX3 = -szz fX4 = -k3U2
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4. THE PRINCIPLE OF MINIMUM POTENTIAL ENERGY

One of the alternative methods often used to derive the stiffness matrix for an element is based on
the principle of minimum potential energy. This method has the advantage of being more general
than the methods involving nodal and element equilibrium equations accommodated with the
stress-strain law for the element. The principle of minimum potential energy is more adaptable for
the determination of element equations for complicated elements with large numbers of degrees of
freedom such as the plane stress-strain element, plate bending element, and solid element. Let’s see
how this principle works for the simple linear spring model.

The total potential energy 7, of a system is the sum of the internal strain energy U and the potential
energy of the external forces We:

TEp=U+We EC|34

e The Internal strain energy U represents the capacity of the internal forces to do work through
deformation of the structure.

e The potential energy of the external forces We represents the capacity of the external forces
to do work through deformation of the structure.

Reminder: the force-displacement relationship for a linear spring is F = kx

The differential internal work (or strain energy) dU in the spring is the internal force multiplied by
the change in displacement:

dU = Fdx = (kx)dx Eq 35
The total strain energy is:

X X 1
U= J du = J (kx)dx = Ekxz Eq 36
0 0

The potential energy of the external forces is the work done by the external forces, so: W = -Fx
Therefore, the total potential energy is:

1, 2
T, = Ekx — Fx Eq 37

Statically, to find the equilibrium of the spring corresponds to find a value of x yielding a stationary
value of the potential energy mp. This condition is obtained for:

om, _ 0

THE PRINCIPLE OF MINIMUM POTENTIAL ENERGY 26
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The variation of mp can be written as:

orn o
§m, = —28uy + —>

Sup + -+ + Oy s
T oy ou, Y Un Eq 39

ou,

To satisfy 0np/0x =0, all coefficients associated with du; must be null independently:

om,

=0 =1t
a1, fori on Eq 40

Consider the linear spring subjected to nodal forces from Fig 8 and let’s derive the spring stiffness
matrix using the principle of minimum potential energy:

k

fx1 Gy G> fxz

Vx

‘<—L—>

FiG 8 — THE LINEAR SPRING SYSTEM

The total potential energy m, of the above spring is then:

1
T, = Ek(uz —uy)? — friug — fxou,

1 Eq 41
= Ek(u§ —2uqu, + u%) — fxiuy — fxou,

So,
om k
a_'ui) = E(—Zuz + Zul) —fx1 = 0
or, K Eq 42
a—uzzz(zuz — 2uy) — fx; =0
Therefore,
fx1 = k(ui — uz)
Eq 43

fxz = k(—u1 + UZ)

In matrix form, we obtain:
fx)) 1k -kt
{fxz} - [—k k ]{uz} Eq 44

Which is the same result as the one obtained with the displacement method (Eq 5).

THE PRINCIPLE OF MINIMUM POTENTIAL ENERGY 27
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5. ELEMENT STIFFNESS MATRIX FOR VARIOUS TOPOLOGIES

The previously presented principle of minimum potential energy (see paragraph 4, page 26) is used
by the FEA software to assemble the stiffness matrix of a structure. In a real problem, it becomes
rapidly complex, since the structures are modeled using different topologies of elements (1D, 2D,
and 3D). Before tackling the topic of stiffness matrices, let’s look at the degrees of freedom and shape
function concepts. It is assumed that you are already familiar with matrix algebra.

5.1. DEGREES OF FREEDOM

In FEA, the degrees of freedom (DoFs) are the fundamental variables. In mechanical structural
analysis, they are usually translations and rotations at the nodes. It is important to keep in mind that
not all types of degrees of freedom are necessarily transmitted by all types of elements. Degrees of
freedom are fundamental to the understanding of how loads can be applied, how boundary
conditions restrain the model, and how the different types of elements can be connected. A
translational degree of freedom stipulates that a force can be transmitted through the nodes, while
a rotational degree of freedom stipulates that a moment can be transmitted though the nodes. Table
1 below summarizes the common structural types of elements, along with their active degrees of
freedom:

TABLE 1 - DOF’s FOR COMMON STRUCTURAL ELEMENTS

ELEMENT DEGREES OF FREEDOM
1 Translation: Tx
u
Truss 1 Rotation: Rx — P
A6y
Beam 3 Translations: Tx Ty Tz v
3 Rotations: Rx Ry Rz w O
O3
Aoy
Shell 3 Translations: Tx Ty Tz v
2 In-plane rotations: Rx Ry _Q,x
w
v
Solid 3 Translations: Tx Ty Tz u
w

ELEMENT STIFFNESS MATRIX FOR VARIOUS TOPOLOGIES - DEGREES OF FREEDOM 28
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Based on Table 1, you can deduce which elements you can connect or not, at the risk of creating
mechanisms: two connected structural beams, for example, will behave like a fully welded
connection, since the beam elements transmit three translations (one axial and two shear planes)
and three rotations (one torsional moment and two bending moments). However, a beam element
connected to a truss element may behave like a pinned joint because the truss element cannot
transmit all rotations.

An FEA analyst must understand the concept of degrees of freedom very well to select the proper
elements among all the elements in the FEA software library.

The size of the stiffness matrix of each element depends on the number of degrees of freedom
associated with each node of the element. Indeed, for an element composed of n nodes having N
degrees of freedom per node, the elemental stiffness matrix order is n x N. This concept of degrees
of freedom number per element type is fundamental, given that it drives the size of the problem and
then the computing time. The more degrees of freedom in the problem, the greater the number of
equations to be solved and the more computation time it takes to find the solution.

TABLE 2 — Si1ZE OF THE ELEMENTAL STIFFNESS MIATRICES

NUMBER OF
NUMBER OF
DEGREES OF
NODES PER MATRIX
Size ELEMENT TYPE ORDER FREEDOM PER
ELEMENT Size
NODE
n
N
1D Truss Line Linear 2 2 4x4
1D Beam Line Linear 2 6 12 x12
2D Membrane Triangular Linear 3 2 6x6
2D Membrane Triangular | Quadratic 6 2 12 x12
2D Membrane Quadrilateral Linear 4 2 8x8
2D Membrane Quadrilateral | Quadratic 8 2 16 x 16
2D Shell Triangular Linear 3 5 15x 15
2D Shell Triangular | Quadratic 6 5 30x30
2D Shell Quadrilateral Linear 4 5 20x 20
2D Shell Quadrilateral | Quadratic 8 5 40 x 40
3D Solid Tetrahedron Linear 4 3 12x12
3D Solid Tetrahedron | Quadratic 10 3 30x30
3D Solid Hexahedron Linear 8 3 24 x 24
3D Solid Hexahedron | Quadratic 20 3 60 x 60
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When you know the number of nodes that compose your model and the topology of the elements,
you can predict the total number of degrees of freedom for your problem. Given today’s computing
resources, a model with less than 500,000 degrees of freedom is considered a small problem, and a
medium problem is one with between 500,000 and three million degrees of freedom. Large models
comprise more than three million degrees of freedom.

5.2. SHAPE FUNCTIONS

The discretization of the problem into several nodes defined by the FEA analyst means that the
computer will solve the problem at these particular nodes. The nodal results must also be defined in
the elements which connect the nodes. For this purpose, a mathematical object called a shape
function is used to represent assumed behavior for a given element. How well each assumed shape
function matches the true behavior directly affects the solution’s accuracy.

To represent the deformation of elements under loading, we must therefore choose a mathematical
function for each element. For each element, an appropriate shape function is defined to represent
the distribution of displacement within the elements, using an appropriate mathematical function.
The most commonly used functions are polynomials.

Depending on the number of degrees of freedom of the elements, we derive different shape
functions to express the shape of the assumed displacement fields over the domain of the elements.

It is important to choose functions that guarantee the continuity of displacements for all degrees of
freedom at each node of the elements. In other words, the shape functions must prevent openings,
overlaps, and jumps.

ELEMENT STIFFNESS MATRIX FOR VARIOUS TOPOLOGIES - SHAPE FUNCTIONS 30
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5.3. 1D TrRusS ELEMENT

5.3.1. Summary of the Displacement Method
The displacement method is used in this paragraph to derive the 1D element’s stiffness matrices. Fig

9 summarizes the steps of the method:

Identify the degrees of freedom of the element

Define the shape functions to describe the
displacement fields through the element

Write the equilibrium equations

Write the strain-displacement & stress-strain
relationships

Derive the Element Stiffness Matrix

FiG 9 — DiSPLACEMENT MIETHOD TO DERIVE THE STIFFNESS MIATRICES OF ONE-DIMENSIONAL ELEMENTS
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5.3.2. Truss Element in Axial Loading

Consider a simple truss element of uniform cross section A, length L and made of a homogeneous
material with a Young Modulus E. The truss is subjected to an axial load.

Degrees of Freedom

The axial translations u1 and u; are the only displacements at grids 1 and 2. So, this element has two
degrees of freedom.

le L
P; Glr G2 p, X

\_,Ul B

A

A 4

FiG 10 - TRUSS ELEMENT IN AXIAL LOADING

Shape Functions

The truss element resists axial loading only along the local x direction. A linear displacement variation
along the x axis of the truss is assumed because a linear function with specified endpoints has a
unique path. So, the displacement function u to represent the axial displacement throughout the
element is written:

u(x) = a1 + axx Eq 45

The total number of coefficients a; is equal to the total number of degrees of freedom associated
with the element (here, there are two degrees of freedom, in total: one axial displacement at each
of the two nodes of the element).

Let’s express u as a function of the nodal displacements u; and uz. This will permit the application of
boundary conditions to nodal displacements and then relate the nodal displacements to the nodal
forces. To do so, we evaluate u at each node and solve for a; and as.

U(O) =UuUi1=4a1

E
u(L)=uz =us +azl q46
This system gives:
Uy — Uy
u = Tx + uq Eq 47
In matrix form:
X X7 (U
u—[l—z,z]{uz} Eq 48
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Uq
w= [Ny, ol .t £q 49
Where,
N, =1 X
1 L
N X Eq 50
271

are the shape functions. These shape functions Ni’s express the shape of the assumed displacement
over the domain of the element (x coordinate) when the i element degree of freedom has unit
value, and all other degrees of freedom are zero.

U =ag+ axx

Ui U,

FiG 11 - DiISPLACEMENT FUNCTION FOR TRUSS ELEMENT

Ny=1-2
L

FiG 12 - SHAPE FUNCTION N1 OVER DOMAIN OF TRUSS ELEMENT

N X
7L

FiG 13 - SHAPE FUNCTION N2 OVER DOMAIN OF TRUSS ELEMENT

In this case, N1 and N3 are linear functions that have the following behavior: N1=1 at node 1 & N1=0
at node 2 whereas N,=0 at node 1 & N; =1 at node 2. So, for any axial coordinate along the truss

element, N1 + N2 = 1.
Equilibrium
To satisfy the static equilibrium:

P1+P2=0 = P2=-P;
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Strain-Displacement & Stress-Strain Relationships

The Strain/Displacement relation can be written as:

du  u; —ug

Ey = — =
X = Uy L Eq 51
The Stress/Strain relation gives:
Ox = Eé&x Eq 52
Element Stiffness Matrix
The force to stress relation is:
_P1
o [ —
X1 2
P, Eq 53
g [ f—
X2 A
So,
EA EA
—P T T T Eq 54
And
EA EA
A A Fa 5
Rewrite the two equations above in matrix form:
{Pl} _ [ EA/L  —EA/L {ul}
P,)  [-EA/L EA/L |, Eq 56
So, the 2 x 2 truss element axial stiffness matrix is:
EA/L —EA/L
[K]TrussAxial = —EA/L EA/L Eq 7
ELEMENT STIFFNESS MATRIX FOR VARIOUS TOPOLOGIES - 1D TRUSS ELEMENT 34


https://www.fea-academy.com

'

FEA

ACADEM

L

THE FINITE ELEMENT METHOD THEORY IN DEPTH

5.3.3. Truss Element in Torsion

Degrees of Freedom

Consider a simple truss element of uniform cross section A, length L and made of a homogeneous
material with a Shear Modulus G. The truss is subjected to a torsional load T. The rotations 61 and 6,
are the only displacements at grids 1 and 2. So, this element has two degrees of freedom.

e L >
Ty ) T,
<+—(G1 G2( — X
9)(414—/ J > ,9X2

FiG 14 - TRUSS ELEMENT IN TORSION

Shape Functions

A linear angle-of-twist variation along the x axis of the truss is assumed:
0 = a1 + axx Eq 58

So, expressing a1 and a; in terms of unknown nodal angles of twist, we obtain:

6,—0
o =22 1

x + 0, Eq 59

In matrix form:

-[1-7 )

Eq 60
Ug
u =[N 2] {uz}
Where the shape functions are:
N, =1 ad
T L
x Eq 61
N2 = -
L

Strain-Angle & Stress-Strain Relationships

The relationship between the shear strain y and the angle of twist 0 is obtained from the deformation
of the bar as shown in Fig 15:
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\3

FiG 15 — SHEAR STRAIN AND ANGLE OF TWIST FOR THE TRUSS ELEMENT

Based on the assumption that all radial lines remain straight during torsional deformation, the arc
length AB is given by:
AB = ¥ 0xdx = RdO

do Eq 62
Ymax = R E
So, at any radial position r, we have:
do
Y = Ta Eq 63

Using the equation expressing a1 and a; in terms of unknown nodal angles of twist, we have:

r
V=z(92—91) Eq 64
The shear stress 7 is related to the shear strain y using the shear modulus G of the material: =Gy

Element Stiffness Matrix

We know also that the shear stress is related to the applied torque by:

7/
r=x Eq 65
Where J is the torsional constant. Then, with the nodal torque sign convention of Fig 14 we have:
7] _Gy] GRJ] GJ
h=pg=—F =D 6:-0) =T =766, Eq 66
And,
GJ
T,=-T,= T (6, —6,) Eq 67
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In matrix format:

= en anll)

T,)  [-GJ/L G]/L Eq 68
So, the 2 x 2 truss element torsional stiffness matrix is:
(K] o [ GJ]/L —GJ/L
TrussTorsion = | _qr/1 GJ/L Eq 69

5.3.4. Complete Stiffness Matrix of the Truss Element

Globally, the truss element has two degrees of freedom at each node: the axial translation ux and
the rotation Ox. Since the element has two nodes, the truss element has four degrees of freedom.
So, we need a 4 x 4 matrix to describe the stiffness of the truss element. The complete stiffness
matrix of the truss element is:

P, EA/L 0 —EA/L 0 uy
. | 0 GJ/L o —gj/L|)e;
P,( ~|-EA/L 0O EA/L 0 Uy Eq 70
T, 0 —GJ/L 0 GJ/L 1\6:
EA/L 0 —EA/L 0

| o GJ/L 0 —GJ/L Eq 71

Klrruss =|_gaszL 0 B4/ 0 a
0 —G//L 0 GJ/L

5.3.5. Application to the Two-Truss Assembly

Now, let’s consider the two-truss assembly clamped at one side and subjected to an axial load P on
the other side.

Y,
Z G3 P
% (E1; A1) (E2; A)) : » pX
Z
< Ly >le L. —»
u, F1 uy, F2 us, F3

FiG 16 — THE TWO-TRUSS ASSEMBLY

Based on the previous derivation of stiffness matrix for a truss element:
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[ E14, E1Aq
F _ un _| L Ly |fwa
{FZ} B [Kl] {uz} - . E1A1 E1A1 {uz}
L, L,
[ E2A2 EZAZ_ Eq 72
{FB} - [KZ] {U3} N E2A2 E2A2 {U3}
L, L, |

By assembling the two stiffness matrices by superposition, the resulting global stiffness matrix is:

- EA, _EA -
. Ly Ly
Fz _|_EA EA +E2A2 B4, {Z;}
F, L L L Ly |lu; Eq 73
E;A; EA;
0 L, L, |
By applying the external loads to the system:
[ E1A, _ E144 0
Ly Ly
{8} | B4 Eia N E,A;  Exd, {Zl}
p L L L Ly |lus Fq 74
EA; E;A;
| 0 L, L,

By imposing the boundary conditions, since the node 1 is fixed, u1 = 0. We can remove row 1 and
column 1 from the global stiffness matrix.

EiA1 BA,  EA;
+ -

{0}= L, L, L, |(U2
P BA, E>A; |lus Eq 75

L, L,

The above system is composed of two equations with two unknowns (ui1 and uz) and the matrix is
not singular (det[K]#0). So, the system has a solution. One way to solve the system would be to invert
[K]. In practice, inverting the stiffness matrix is not an efficient method. Usually, the finite element
solvers use a matrix decomposition procedure to solve the system (see paragraph 7 page 144).
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5.3.6. Generic Form of the Truss Element Stiffness Matrix

To conclude this section on the truss element stiffness matrix, the generic form of the stiffness matrix
using the virtual work principle is presented. The virtual work principle is an alternative to the
displacement method for the derivation of an element stiffness matrix. This method is used for more
complex elements such as 2D and 3D elements. However, employing the method with a simple 1D
element is a good way to familiarize yourself with it.

Let’s consider a generic 1D truss element subjected to an external distributed load g(x) (axial load
per unit length). The element has a constant section A and length L and is made of a homogeneous
material having a Young modulus E.

a(x)
———>—> —>—>

61 2(O—
U: U,
A

< L >

FiG 17 - 1D Truss ELEMENT UNDER EXTERNAL DISTRIBUTED LOAD

First, we know that the external work We done by the forces q(x) is stored in the truss element as
internal strain energy W.. So, let’s define We and W,.

Internal Strain Energy W,

We know that the strain energy density at each location of the linear-elastic truss element subjected
to a one-dimensional state of stress ¢ and strain ¢ is:

1
U=EU<9 Eq 76

Then, the total strain energy on the total volume V of the truss element is:
w, f L edv
) Eq 77

Since we have o=Eg=constant over the section A of the truss element and since dV=A.dx, the above
eqguation can be written as:

1
I/I/I:J;E.S.E.S.A.dx Eq 78
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External Work WEg

The external work of q(x) forces applied on an infinitesimal length dx at the distance x is: q(x).dx.u(x).

So, the total external work on the length L of the truss element is:
L

Strain
We also know that the strain and displacements are related by the equation:
(x) ‘ (x)
e(x) =—u(x
I Eq 80

As shown above, the variation of u(x) along the truss element is defined by its shape functions. We
demonstrated that these shape functions for the truss elements are such that the variation of
displacement u(x) in the truss element is linear and can be written as:

u(x) = N1(x).u1 + N2(x).u2 Eq 81

where the shape functions N1 and N; are defined as:

N, =1 ad
)
X Eq 82
2=
In matrix form:
X X7 (Up
uw =[1-7 7l{} Eq 83
U
u(x)=[Ny N3] {uz} Eq 84
u(x) = [N}{u} Eq 85
where
e [N]is the shape function vector
e {u}is the nodal displacement vector
So, if we come back to the strain-displacement equation:
00 = 2u(x) = |2 V]| )
e = dxu(x) ~ldx “ Eq 86
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o0 = [-1.7]w)
where [B] is called the Strain-Displacement Matrix:
1= |-
And
1
T _ L
BI" =1 ,
L
So,

e(x) = [Bl{u} = [u][B]"

The Total Potential Energy & the Virtual Work Principle

The total potential energy of the truss element is given by:

Tl:p=WI_WE

Eq 87

Eq 88

Eq 89

Eq 90

Eq 91l

The virtual work principle states that the total work done by all forces acting on the truss element in

static equilibrium is null for any infinitesimal virtual displacement du:
87‘|:p =0W,—0We=0

From Eq 78 we have,

1
oW, = Ef(e.E.6e+ de.E.e).A.dx = fe.E.(Se.A.dx
L L

And from Eq 79,
Wy = Jq(x).du(x).dx
L
Then, as per the equations of W and 8W, derived above, we have:

fe.E.Se.A.dx = fq(x).c?u(x).dx
L L

So, using Eq 85 & Eq 90 in Eq 95, we obtain:

[5u] f AE.[B]".[B].(u}.dx = [6u] f 0, (N}, dx
L L

Eq 92

Eq 93

Eq 94

Eq 95

Eq 96
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Where [0u] is the vector of nodal virtual displacements.

Then,

[ f A.E.[B". [B].dxl ) = f G (N}. dx .
This can be written as:

[KH{u} = {P} Eq 98

Where {u} is the displacement vector and the truss element stiffness matrix [K] in generic format is:

[K] = f A.E.[B]".[B].dx £q 99
L

Since the nodal forces {F} produce the same external work as the distributed load q(x), the work-
equivalent nodal force vector is:

{F} = qux- {N}.dx Eq 100

Stiffness Matrix

Using the generic form of the truss element stiffness Eq 99, calculate the truss element stiffness
matrix derived previously:

K] = JL A.E.[BI".[B].dx Eq 101
1
~ o1 o1
[K]—fLA.E. 1 [ T Z].dx Eq 102
L
1 1
L2
[K]szA.E. 11 |-dx Eq 103
212
EAr1 —1
i 1] L Eq 104
EAr1 -1
K] :T[—l ) ] Eq 105

This is the same result as Eq 57.
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5.4. 1D BEAM ELEMENT

The beam element is by far the most complex element in finite element analysis because it can
transfer all types of loading: axial load, transverse shear, bending moments and torsion. The beam
element has therefore all six degrees of freedom: three translations and three rotations.

So, | will present the development of the beam stiffness matrix step by step. First, | will present the
beam stiffness matrix based on Euler-Bernoulli beam theory (bending deformation only) and then |
will present the beam stiffness matrix based on Timoshenko beam theory (including transverse shear
deformation). Finally, | will introduce the torsional stiffness as well as the axial stiffness to complete
the stiffness matrix development.

5.4.1. Euler-Bernoulli Beam Theory

Degrees of Freedom

The basic definition of a beam is: a long structural member subjected to a transverse loading
producing a significant bending effect. The bending effect is characterized by two degrees of
freedom: a transverse displacement uiy and a rotation 0;; at each end of the beam. So, let’s consider
a simple beam element of:

e A uniform cross-section A

e A principal moment of inertia Iz

e AlengthlL

e Made of a homogeneous material: Young modulus E and shear modulus G

AY Homogeneous material [E ; G]
A—_01 0>
z \\ : ﬁ
Gl /’ ! YRS
A I A
Cross-section [A ; IZ]
Uly U2y
< L

FiG 18 — BEAM ELEMENT DEGREES OF FREEDOM
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FiG 19 — BEAM ELEMENT POsITIVE FORCES AND MIOMENTS

The following figure shows the sign convention used in simple beam theory for positive shear forces
V and bending moments M:

M M

A
—
\ 4

Fi1G 20 — BEAM THEORY SIGN CONVENTION FOR SHEAR FORCES AND BENDING MIOMENTS

In the Euler-Bernoulli beam theory, the differential equation governing the elementary linear-elastic
beam behavior is based on the following assumption:

The planar cross-sections perpendicular to the longitudinal axis of the beam before
deformation remain plane and perpendicular after deformation.

ELEMENT STIFFNESS MATRIX FOR VARIOUS TOPOLOGIES - 1D BEAM ELEMENT 44


https://www.fea-academy.com

THE FINITE ELEMENT METHOD THEORY IN DEPTH

Undeformed beam

— Longitudinal axis
w(x) _
[

P Ty

G1
A

® = >

o— 0
%

G2

61

Longitudinal axis
Deformed beam due to w(x)

Dl

FiG 21 — BEAM DEFORMATION ACCORDING TO THE EULER-BERNOULLI THEORY

beam.

The Euler-Bernoulli assumption states that both planes A-B and A’-B’ are perpendicular to the
longitudinal axis. This assumption is valid only if a pure couple or a constant moment occurs in the
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Equilibrium

1e *2

w(x)
4

« V+dV
FIG 22 — EQUILIBRIUM OF THE DIFFERENTIAL BEAM ELEMENT
The equilibrium of a differential element of the beam is:

e Force equilibrium: ZFy =0

V- (V+dv) —w(x)dx =0

-W(X)dX -dv=0 Eq 106
) dv
W(X)=-—
dx

e Moment equilibrium: ZMz =0
dx
—-M — Vdx + W(x)dx(T) +M+dM =0
d
—Vdx + w(x)dx (—) +dM =0 Eq 107
=V + w(x) (—

The limit of the above equation as dx tends to O gives:

L Eq 108

dx
From Eq 106 & Eq 108:

dzM
Eq 109
W(x) = — >
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FiG 23 — BEAM CURVATURE

The curvature of the beam is related to the moment by:

1 M
p EI

Eq 110

For small slopes, the curvature is given by the second derivative of the transverse displacement v(x):

2
1_dw Eq 111
p dx?
So,
2
v _M Eq 112
dx? EI
Then
d?v
M = EI Eq 113
dx?
Substituting Eq 113 into Eq 109:
0= - (gL Eq 114
wkx) = —— —_—
dx? dx? g
Only for nodal forces and moments, the above equation becomes (El=constant):
El d’v =0
Fprie Eq 115
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Shape Functions

The beam element under bending deformation has four degrees of freedom: a transverse
displacement and a rotation at each node. So, the transverse displacement variation through the

element length can be described by a cubic function:

V(X) = a3 +ax?tasx +ag

Eq 116

This function can be expressed as a function of the nodal degrees of freedom usy, uzy, 61 and 62:

v(0) =uiy=as

v(L) =uyy=ail3+ a2 +asL +as

dv(0) _ dv(L)
dx

So, let’s resolve the above system:
a4 = Uyy
az =01
Uzy = a1L3 + a2l + asl + uyy

0; =3a1L2 + 2asL + a3 = 3a1L2 + 2a,L + 03
So,

3312 =0,-01-2asl

0, — 6, — 2a,L
312

a1:

Substituting the above expression of a1 in the equation of uyy, we obtain:

3 1
a; = ﬁ(u2y - uly) - 2(291 + 6,)

Substituting the above expression of a; in the equation of a;, we obtain:

2 1
a; = _L_3(u2y - uly) + L_Z(Ql + 6,)

= 92 = 3a1L2 + 2a2L + a3

Eq 117

Eq 118

Eq 119

Eq 120

Eq 121
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Then substituting the expressions of a1, a;. az and as in Eq 116, we obtain:

2 1
v(x) = [L_3(u1y - Uuyy) + L—2(91 + 92)] x3

Eq 122
3 1 )
+ [_L_Z(uly - uZy) - 2(261 + 62)]3( + 91x+u1y
The above equation in matrix form can be written:
v = [NJ{u} Eq 123
where,
Ugy
6,
=14, Eq 124
6,
And,
[N] =[N1 N2 N3 N4]
With the shape functions Ni for a beam element:
1 3 2 3
N1=L—3(2x — 3x°L + L°)
L 272 3
N2=L—3(xL—2xL + xL°)
Eq 125
1 3 2
N; = L—3(—2x + 3x“L)
1 3 2712
N, = L—3(x L — x°L%)

When evaluated at node 1, N1 = 1 (with x=0) and when evaluated at node 2, N1 = 0 (with x=L). On the
other hand, since N3 is associated to 01 in the equation v=[N]{U}, we have:

AN, 1
Tx L—3(3xL — 4xL? + L3) Eq 126

When evaluated at node 1, dN,/dx = 1 (with x=0). The shape functions N3 and N4 have the same
behavior.
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L

Strain-Displacement & Stress-Strain Relationships

A A
After deformation—— <+— Before deformation
A
-y = ﬂ
dx
) A
B u B’

FiG 24 — ANGLE OF ROTATION OF SECTION A-B

The axial strain/displacement relationship is:

du
e(xy) = — Eq 127

Where u is an axial displacement function. On the other hand, the transverse displacement relates

to the axial displacement by:

dv
— Eq 128
u =
ydx
So, combining Eq 127 & Eq 128, we obtain:
2
d"v Eq 129

elx,y) = Vi

Finally, the elementary beam theory teaches us that the bending moment and the shear force are
related to the transverse function by the equations:

d?v

M = F] — Eq 130
(%) Tx?
d3v

vV = F] — Eq 131
(%) e
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Element Stiffness Matrix

Since the Euler-Bernoulli beam element exhibits two degrees of freedom at each node, its stiffness
is described with a 4x4 matrix.

Combining Eq 122, Eq 130 & Eq 131 and using the sign conventions from Fig 19 & Fig 20, we have:

d3v(0) EI
fiy =V(0) = EI = ﬁ(uuly + 6L6; — 12u,, + 6L6,)
d?v(0) EI ) )
M; = —-M(0) = _EIW = L—3(6Lu1y + 4L%6, — 6Luy, + 2126,)
d3v(L) EI Eq 132
fay =—=V(L) = —EI 5 =3 (—12uyy, — 6L6; + 12uy, — 6L6,)
d?v(L) EI ) )
M, = M(L) = EI vk L—3(6Lu1y + 2176, — 6Lu,,, + 4L%6,)
So, in matrix form, the above system becomes:
fiy 12 6L —12 6L | (Y%
My _ET) 6L 412 —6L 21%|) 61 Eq 133
fay 3|-12 —6L 12 —6L|)Uzy
M, 6L 21> —6L 4L*]1\ 0,

Where the stiffness matrix is:

12 6L —-12 6L
El'l 6. 412 —6L 2I2
- Eq 134
[K]zeam 13|-12 —6L 12 —6L a
6L 212 —6L 4I2

The stiffness matrix [K]zeam relates the transverse forces and the bending moments to transverse
displacements and rotations, neglecting the axial effects. This result has been obtained assuming
that the beam is long and slender which means that the dimension ratio L/h (h is the depth of the
beam) is large. Using the Eq 133 to predict the displacements is adequate only for these assumptions.
For a short deep beam, the transverse shear deformation is usually more significant. In this case, the
Timoshenko beam theory has to be considered.
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5.4.2. Timoshenko Beam Theory

Equilibrium

The Timoshenko beam theory states that the plane sections do not remain perpendicular to the
neutral axis of the beam after bending. Fig 25 shows a section of the differential beam dx after
deformation with the cross-section no longer perpendicular to the neutral axis due to the shear force
inducing an additional rotation term a.

al/ . M+aMm/ox 6(x)
Neutral axis of the beam N\
after deformation \ V+0V/0x

Timoshenko Beam

v(x)

Euler-Bernoulli Beam

A 4

FiG 25 — TIMOSHENKO BEAM DEFORMATION

So, the total deflection of the beam at point x consists of two parts: one due to bending and one due
to shear force. The slope of the deflected beam at point x is:

dv
@w _ Eq 135
P 0(x) + a(x)

Where 0(x) is the rotation due to bending moment and a(x) is the rotation due to the transverse
shear. Note that all the deflections are assumed to be small.
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Strain-Displacement & Stress-Strain Relationships

The relation between the bending moment and the bending curvature is:

do(x)
M = EI Eq 136
(x) I
The relation between the shear force and the rotation due to shear is:
V(x) = ksAGa(x) Eq 137

Where ksA is the shear area. The shear area varies with the cross-section shapes. Refer to a
mechanical handbook for the various values of ks. Note that most of the FEA pre-processors are able
to compute ks based on the geometrical properties of the modeled cross-sections.

The shear strain vy, of the beam is represented by the difference between dv/dx and 0:

dv
Vr = = -0 = a Eq 138

Shape Functions

The transverse shear displacement of the beam is still described by the cubic shape function Eq 116
previously defined for the Euler-Bernoulli beam:

v(x) = ax® + axx?*asx + as Eq 139

The transverse shear strain y is chosen consistent with the cubic polynomial for v(x), such that y is a
constant: y=c. From Eq 106, Eq 136, Eq 137 & Eq 138:
M d dé(x)
= — = —(EI
dx dx dx

> = ksAGa(x) = ksAGy,, = ksAGc Eq 140
So,

EI d?6(x)

_ 8l 4t Eq 141
© T kAG dx?

From Eq 135 & Eq 116:

dv dv
H(x)zd——yz——c

x dx
0(x) =3a1x? + 2ax+as3—c¢
dé (x)
dx

= 6a.x + 2a,
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d?6(x)
— Eq 142
vz 6a, q
By combining Eq 141 & Eq 142:
_ OFlay Eq 143
k,AG

Then, O(x) is expressed as a polynomial in x as follow:

0(x) = 3a1x® + 2axx +az3—¢

0(x) = 3a;x? + 2a,x + az — kiiIG a, Fq 144
With the transverse shear term [3 defined as:
_EI
P =rac Eq 145
The 6(x) equation is written:
0(x) = (3x? - 6P) a1 + 2axx + a3 Eq 146

From Eq 146 and the cubic shape function Eq 116, it is possible to compute the coefficients a1 to as
in terms of nodal displacements u1y, uzy and rotations 01, 0 2 using the same approach as the one
used for the Euler-Bernoulli assumption. The equations of the a; coefficients are:

2(uyy — uyy) + L(6; + 65)

a, =

L3 + 128L
3L(uzy — wy) — (L% + 68)0; + (68 — L6,
az == 3
L3 + 12BL £q 147
_ 12,8(1123, - uly) + (L3 + 6Lﬁ)01 - 6ﬁ92
4 = I3 + 128L
ds = Uiy

Substituting the aj coefficients into the beam shape function Eq 116:
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2wy = uzy) + L6 + 6))

v(x) =

L3 + 12BL
3L(uzy — uyy) — (2L% + 68)0; + (68 — LH)6,
+ I3 + 128L X Eq 148
N 128(uyy — uyy) + (L + 6LB)O; — 606, N
I3 + 128L X Tty
Element Stiffness Matrix
Similarly to the Euler-Bernoulli beam stiffness matrix derivation, we have:
fiy =V(0)
M; = —M(0)
Eq 149
fay ==V |
M, = M(L)
From Eq 131:
3p
V(x) = Elﬁ Eq 150
From Eq 116:
v(x) = a1x® + axx?*asx + as Eq 151
So,
d3v
Pl 6a, Eq 152
Then,
From Eq 130:
d?v
M(x) = EIW Eq 154
The second derivative of the shape function Eq 116 is:
d?v
Iz = ba;x + 2a, Eq 155
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So,
M(0) = 2a;E!|
M(L) = El(6a1L+2a,) Eq 156
By substituting Eq 153 & Eq 156 into Eq 149:
fiy = V(0) = 6Elay
fay = —V(L) = -6Elas
Eq 157
M, = —M(0) = -2a;EI g
M, = M(L) = El(6a1L+2a>)
Which gives:
o 12(uyy — uzy) + 6L(0; + 6,)
fiy = 13 + 12pL
f EI 12(u2y - uly) - 6L(91 + 92)
2y 13+ 12BL
Eq 158
vl 6L(usy — zy) + (412 + 12)0; + (212 — 125)6, a
1 L3 +12BL
o 6L(uyy — uzy) + (2L% — 12B)60; + (417 + 12B)0,
2T L3 + 12pL
In matrix form, the Eq 158 is written:
fiy
M,
ny
M,
12 6L —12 6L Uy Eq 159
_ EI 6L 4L +12F —6L 2L?>—12B]|) 6,
I3+ 12BL |12 —6L 12 —6L Uzy

6L 212—128 —6L 412+ 128]\ 4,

Since [} represents the transverse shear term, we can easily see that if we neglect the transverse
shear deformation by setting =0, we obtain the matrix of the Euler-Bernoulli beam from Eq 134.

It is usual to define a non-dimensional shear correction term ¢ to see the shear effect more easily:
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o= 12E1 _ 128 Eq 160
k,AGL? L2
So, the beam stiffness matrix for the Timoshenko beam is written as:
12 6L —-12 6L
K] . El 6L (A+¢@)l? —6L (2-—¢)L?
Beam = 13(1—¢)|—-12  —6L 12 —6L Eq 161
6L Q2—-¢)L* —6L (4+¢)L?
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5.4.3. Bending and Torsion

Degrees of Freedom

We will now consider the development of the beam element stiffness matrix under bending and
torsion.

The degrees of freedom at each node of the beam are:

e Vertical deflection uiy
e Bending rotations 0i; about the z-axis
e Torsional rotations Oix about the x-axis

So, let’s consider a simple beam element of:

e Auniform cross-section A

e A principal moment of inertia Iz

e Atorsional constantJ

e AlengthlL

e Made of a homogeneous material: Young modulus E and shear modulus G

Homogeneous material [E ; G]

AY
01, L % 0 0,
fﬁ NN
-

G1 . f 1 X
; ‘TGZ
A I A
| ¥ 01y 7 N
z 7 Cross-section [A;lz; )]
u1y UZy

A
—

Fi1G 26 — BEAM ELEMENT DEGREES OF FREEDOM UNDER BENDING AND TORSION

AY

Mlz — MZx M2,
A AR
/ . pX

|

[
[ | TGZ
P Ml\/ \/

X

fly f2y

FiG 27 — BEAM ELEMENT NODAL FORCES AND MOMENTS UNDER BENDING AND TORSION
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Element Stiffness Matrix

The torsional stiffness matrix of the beam element is the same as the truss element in torsion derived
previously (see paragraph Truss Element in Torsion page 35):

x) _ G - x
{IA\Z;} -1 [—11 11] {Z;} Eq 162
[K1geam Torsion = [_Gé]/;lll _Gi]/ill Eq 163

The torsional constant J depends on the cross-section shape. Refer to a mechanical book for the

computation of J. Again, the modern FEA pre-processors are able to calculate J for every type of
cross-section shape.

By combining the torsional effect of Eq 163 with the bending effect from the Euler Bernoulli beam in
bending described by Eq 134, we obtain the stiffness matrix of the beam element in bending and
torsion. With three degrees of freedom per node, the stiffness matrix is a 6x6:

My,
Mlz
3 =
ny
My,
\M,,J
- 12E1 6EI 12EI 6EI 1
I3 0 z 1 ' 7
GJ] GJ
0 T 0 0 —T 0 (uly\ Eq 164
6EI 4E] 6EI 2EI || 04,
— 0 _— —— 0 —|1le
12 L L2 L [)%zl
| 12EI 0 6EI  12EI 0 6EI| )| Uzy
JE 12 L3 12 || O2x
GJ GJ \6,,/
0 - 0 0 — 0
L L
6E1 0 2EI 6EI 0 4E]
L2 L L2 L
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5.4.4. Full Capabilities Beam

Degrees of Freedom

Now we can consider the full capabilities beam element stiffness matrix with six degrees of freedom:

e Axial displacements: uix

e Transverse displacements: uiy & uj;
e Bending rotations: Oy & 6;;

e Torsional rotations: Oix

Ay

ely & 62y &‘)
U2z

)
Uiz
01 T/ Oax
~ | akan
»* ; | »

Homogeneous material [E ; G]

H / » X
1 ! ‘ » »
; U2x
A I AJ
|~ elx\/ ?-"" \'/ ~~ eZz
z #4 Cross-section [A;lz;]]
U]_y UZy
< L
Fi1G 28 — FuLL CAPABILITIES BEAM ELEMENT DEGREES OF FREEDOM
Ay
Mly &)) M2y L )
flz o fZZ
Mlz MZx
L A
f1y NAA A
| S A
' fa
; A
z 7 Mlx\/ \/ S~~~ Mo,
fly f2y
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Element Stiffness Matrix

The axial stiffness is given by Eq 57:
{flx} — EA/L —EA/L {ulx}

fax —EA/L  EA/JL | Uz Eq 165
The stiffness in bending and shear in plane <x,y> is given by Eq 133:
(fiy) 12 6L —12 6L | (%
My, _EL| 6L 412 —6L 2I*|)061
fay 3 |-12 —6L 12 —6L||U2y Eq 166
M,, 6L 21> —6L 4L*1\6,,
The stiffness in bending and shear in plane <x,z> is given by Eq 133:
(f12)) 12 6L —12 6L (tz
My | _EL 6L 41?2 —6L 21%|)0y
faz 13 |-12 —6L 12 —6L||U2z Eq 167
M,, 6L 212 —6L 412]\0y
The torsional stiffness is given by Eq 162:
GJ GJ
{Mlx} _| L L {elx}
M3y G]  G] [0, Eq 168
L L

By direct superposition of Eq 165, Eq 166, Eq 167 & Eq 168, the 12 x 12 beam element stiffness matrix
with full capabilities is:
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!
Uix Uiy Uiz O1x ely 01, | U2x Uy uz; 02x eZy 02,
[
- EA . EA -
— 0 0 0 0 : -— 0 0 0 0
L | L
12El, 6El, i 12El, 6El,
0 0 0 : - 0 0
13 L2 13 L2
12EI 6EI | 12EI 6EI
0 0 ¥ o -— o0 : o0 p— —
L3 L? ! L3 L2
GJ i GJ
0 0 0 0 0 0: 0 0 0 m 0 0
6EI 4E| i 6El 2El
0 o -— o0 — 0 : 0 — — 0
L L ! L L
6EI 4EL | 6EI 2EI
= 0o 0 -— 0 0 o0 -
[K]gonrn = — - L. LY L L [
Beam™ EA I EA
e 0 0 0 0 T 0 0 0 0 0
12El, 6EL i 12El, 6EL,
E 0 0o - o 0 > 0 0 0o - >
12El 6EI i 12EI 6EI
Yy Yy : \ Yy
0 = 0 = e 0 7 °
GJ ! GJ
0 0 0 T 0 0 0 0 0 m 0 0
0 6El, 2EI, o ! . . 6El, 4El,
12 L : 12 L
6EI 2EL ! 6EI AE|
LZZ 0o 0 LZ i 0 - LZZ o 0 o0 :
i i |
Eq 169
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5.5. 2D ELEMENTS

5.5.1. Overview

The 2D elements are defined by at least three nodes up to height nodes. The elements are connected
at common nodes and along common edges to form continuous structures such as those shown in
Fig 30.

FiG 30 — 2D CONTINUOUS STRUCTURES
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The derivation of the two-dimensional element stiffness matrix will be presented across the
following steps:

1. Membrane: Constant Strain Triangle (CST) element. This 2D element is the simplest among
the available 2D elements. It is called CST because it has a constant strain throughout it. The
stiffness matrix will be derived using the minimum potential energy.

2. Membrane: Linear Strain Triangle (LST) element. This second step will illustrate the
advantages of high-order elements.

3. Plate bending element. This third step will present the derivation of stiffness matrix for the
common plate bending finite element. Two types of plates will be considered: the thin-plates
described by the Kirchhoff theory and the thick-plates described by the Mindlin theory.

4. Shell element. Finally, the stiffness matrix of the shell element will be derived. It is a
rectangular element used for dealing with the combination of membrane and bending
effects.
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5.5.2. Membrane: The Constant Strain Triangle (CST)

First, let’s refresh your memory of the following two basic concepts:

e The concepts of plane stress and plane strain
e The concept of a two-dimensional state of stress and strain

The understanding of these concepts is very important for the development of the stiffness matrix
of the 2D elements. Note that only the equations are recalled for these two concepts. For the details
about their derivations, refer to a book about the elasticity theory. For the derivation of the 2D
element stiffness matrix, the same pattern as the one used for the 1D elements will be followed.

The Concepts of Plane Stress and Plane Strain

Plane stress: it is a state of stress in which the normal stress and the shear stress perpendicular to
the plane are null. In the Fig 31, the plate in the plane <x,y> subjected to the tension load P at the
edge of the surface and in the plane is under a state of plane stress. The normal stress 6z and the
shear stress txz and tyz are null. A thin member, with a small z dimension compared to the in-plane
x and y dimensions, and a member on which loads act only in the <x,y> plane can be considered to
be under plane stress.

FiG 31 — PLANE STRESS

Plane strain: it is a state of strains in which the strain &z normal to the <x,y> plane and the shear
strains yxz and yyz are null. The plane strain assumption is used for long bodies, in the z direction, with
constant cross-section, subjected to loads acting only in the plane <x,y>. The dam is a good example
of plane strain state.
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FiG 32 — PLANE STRAIN

The Concept of Two-Dimensional State of Stress and Strain

Let’s consider the two-dimensional state of stress illustrated in Fig 33 on an infinitesimal element
<dx,dy>.

Oy

=TYX

ATy

TXY ' dx

Tyx

Gy
FiG 33 — TWo-DIMENSIONAL STATE OF STRESS

e dx has normal stress oy acting in the x-direction

e dy has normal stress ox acting in the y-direction

e The shear stress txy acts on the x edge in the y-direction
e The shear stress Tyx acts on the y edge in the x-direction
e The equilibrium of the element results in Txy= Tvx
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This state of stress is represented by the column matrix:

Ox

{o} = {Uy} Eq 170
Txy

The displacements and rotations of the infinitesimal element <dx,dy> in the <x,y> plane is shown in

Fig 34. The properties of the general two-dimensional state of strain at some point of a structure are:

e At point G, the element is displaced by an amount u in the x direction and by an amount vin
the y direction.

e Along the line GH, the element extends an additional amount (du/ox)dx in the x direction

e Along the line GJ, the element extends an additional amount (ov/dy)dy in the y direction

e Point H moves upward by (0v/0x)dx with respect to G

e Point J moves to the right by (0u/dy)dy with respect to G

So, the normal and shear strain-displacement relationships are defined as follow.

ex: Normal strain along the x-axis. It is the change in length per unit length of material fibers originally

parallel to the x-axis when the element undergoes deformation:

u
& =5 Eq 171

ey: Normal strain along the y-axis. It is the change in length per unit length of material fibers originally
parallel to the y-axis when the element undergoes deformation:
Jdv
&y = ay Eq 172

yxy: Shear strain. It is the change of the original right angle made between dx and dy when the

element undergoes deformation:

_Ou N ov
Yoy =55 " ox Eq 173

The strains given by the three above equations are represented by the vector column matrix:

Ex
{e} = { €y I Eq 174

Yxy
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A
y,v
)
X,u dy —VdX
ox

ud
+_
dx ‘u ox )i

< »

A
\ 4

FiG 34 — DISPLACEMENTS AND ROTATIONS OF AN INFINITESIMAL ELEMENT IN THE <X,Y> PLANE
We know from the theory of elasticity that the stress-strain relationship for an isotropic body is:

{c}=[DJ{e} Eq 175
Where:

e {c}and {e}are given by Eq 170 and Eq 174 respectively.
e [D]is the constitutive matrix.

The constitutive matrix [D] for plane stress and plane strain conditions is given by (E is the Young
modulus and v is the Poisson’s ratio):

e PlaneStress:cz=1txz=1yz=0

1 v 0
E lvi1 o
[D]=1_V2 1— v Eq 176
0 0
i 2
e PlaneStrain:ez=yxz=7vz=0
1—-v 1% 0
D] = E v 1—-v 0
1+wa-2v| , 0 1-2v Eq 177
2
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Degrees of Freedom

The basic definition of the membrane triangular element is a planar element having three nodes.
Each node has two degrees of freedom representing the x and y translations of the node. Therefore,
the triangular element has 3 nodes times 2 translations per node equal 6 degrees of freedom. The
nodal displacements will be represented by u in x-direction and v in the y-direction.

® (Xp, yp) are the known nodal coordinates of node p in the plane <x,y>

® (Xq,Yq) are the known nodal coordinates of node q in the plane <x,y>

e (x:, yr) are the known nodal coordinates of node r in the plane <x,y>

® (up, vp)are the unknown degrees of freedom of node p in the plane <x,y>
® (ug, vg) are the unknown degrees of freedom of node q in the plane <x,y>
e (ur; v;) are the unknown degrees of freedom of node r in the plane <x,y>

Vr

Ayyv

Noder (x;, y ur

Vp

Node p (Xp; Vp

Node q (xq, yq)

» X,

FiG 35 — NODES AND DEGREES OF FREEDOM OF THE CONSTANT STRAIN TRIANGULAR ELEMENT

The nodal displacement vector is written:

Up

v

[ u’;
{6}=408q¢= Vg Eq 178

5) |

]

Vy

Shape Functions

Since the CST element has six nodal unknowns, six constants aj are needed to describe the complete
displacement field. So, the linear displacement functions describing the displacements at any interior
point (x; ; yi) of the element are:

u(x,y) = a1+ axx + asy

v(X,y) = a4 + asx + agy Eq 179
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These linear functions guarantee the compatibility of displacements along the edges of the elements
and at the nodes shared by adjacent elements.

A general displacement function I" is then defined from Eq 179:

= {u(x,y)} _ [1 x y 00 0] as e
v(x,y) 0 0 0 1 x vyllas q
)
To solve for the ai’s, the known coordinates of the nodal points are substituted into Eq 179:
Up = U(Xp ; Yp) = @1 + a2xp + asyp
Ug = U(Xq ; Yq) = a1 + a2Xq + a3yq

Ur = U(Xr; Yr) = a1+ axXr + azyr

Eq 181
Vp = V(Xp ; Yp) = @4 + @sXp + A6Yp
Vq = V(Xq ; Yq) = @4 + @sXq + A6Yq
Ve = V(Xr; yr) = @4 + asxr + asyr
Let’s solve for the ai’s beginning with the three first equations of Eq 181 in matrix form:
Up 1 x ¥l
Uge =11 x4 Yq|1% Eq 182
Ur 1 x y[\93
{u} = [X{a} Eq 183
So, we can solve for ai’s by:
{a} = [X]"{u} Eq 184
The inverse of [X] is calculated by the method of cofactors:
1 a, ag a
[X]? ZM Bp Bq Br Eq 185
Yoo Yq Vr
Where [X| is the determinant of [X]:
IX| = Xp(Yq = Yr) + Xq(Yr = Yp) + Xe(yp — Ya) Eq 186

and
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Olp = XgYr - YgXr  Olg = YpXr - XpYr  Olr = XpYq - YpXq
Br=Ya-¥r Ba=V¥r-Yp Br=VYp-VYq Eq 187

Tp=Xr-Xq Yq=Xp-Xr Yr=Xq-Xp

So, Eq 184 is written:

a; 1 [ % %)y
= o i) a8
as Vp Vq Vr 1 \Uy
Similarly, the last three ai’s of Eq 181 are solved:
Ay 1 ap a5 Ar Up
s = X Bp Ba Br|ivq Eq 189
Qe Vp Vq Vr Uy
Expressing Eq 179 in matrix form:
a;
ful=[1 x y] {QZ} Eq 190
as
And substituting Eq 188 into Eq 190 and expanding:
1 ap g Ay,
{fub=1[1 «x )’]m Br  Bq ﬁr]{uq} Eq 191
Yo Vg VYri\Ur

1 apup + agug + ayuy

W=l x Y1 Bty + Bty + Briy £q 192
YplUp + VqUq + Vrls

Eq 192 gives the u(x,y) displacement function:
1
m{(ap + Bpx + pr)up + (“q + Bgx + qu)uq

+ (ar + Brx + YUy}

u(x,y) =
Eq 193

Similarly, replacing the u degree of freedom by the v degree of freedom in Eq 193, we obtain the
v(x,y) displacement function:
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1
v(x,y) = W{(% + Bpx + 1py)vp + (ag + Bgx + Yg¥)vy

Eq 194
+ (@ + Brx + ¥V}
From Eq 193 & Eq 194, the following shape functions are considered:
1
Ny =m(“p + BpX + 1Y)
1
Nq = m(“q + Box + ¥q¥) Eq 195
1
N, =m(ar + Brx + Vry)

Using the shapes functions Eq 195 into Eq 193 & Eq 194, the following equations are obtained:

u(x,y) = Npup + Nquq + Nrur

v(X,y) = Npvp + Ngvg + Nrvr Eq 196
The general displacement function I' is then written as:
u(x,y) Nyu, + Nyug + Nyu,
(%) pVp T Novq + Novy
Up
Up
{I"} — [Np 0 Nq 0 Nr 0] Uq
Lo N, 0 Ng 0 Nef) g Eq 198
uT
Ur
So,
=Nt} Eq 199
Where,
{N} = Np 0 Nq 0 NT' 0
0 N, 0 Ny O N, Eq 200

The shape functions Np, Ng & Ny represent the shape of the general displacement function I" over the
surface of the element.
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Strain-Displacement & Stress-Strain Relationships

Let’s express the element strains and stresses in terms of the unknown nodal displacements. It is
known that the strains of the two-dimensional element are:

(o odu
0x
& ov
fe} ={¢& =+ @ g Eq 201
Yxy
ou N av
\dy 0x/
From Eq 196:
au
ax (N u, + N qUqg + N ur) Eq 202

However, in the CST element it is assumed that:

® Up = U(Xp,Yp) = constant
® Ug = U(Xq,Yq) = constant
® Ur = u(xnYyr) = constant
The derivatives of up, uqg and ur with respect of the variable x are null, so:
a_u (’)N N, JON,

ox  ox ¢ p T 0x 0x tr Eq 203

From Eq 195, the derivatives of the shape functions are:

oN, 1 0 ﬁp
Ox |X|a (ap + ﬁpx + Vp}’) = |X| Eq 204
oN, _ ﬁ_q
ox IX| Eq 205
oN, _ B
Ox 1X| Eq 206
Substituting Eq 204, Eq 205 & Eq 206 into Eq 203:
au
ox x| (ﬁpup + Baug + Bruy) Eq 207
Similarly:
617
ay x| (vap + Yovq + Vrvr) Eq 208
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du v 1
@ + a = m()/pup + ﬁpvp + YqlUq + ﬁqvq + »u, + ﬁrvr) Eq 209

Using Eq 178, Eq 207, Eq 208 & Eq 209 into Eq 201:

Up
Bo O Bg O B 01|
{E}=m0 o 0 v 0 7 vZ Eq 210
Yo Bo Yo Bq Ve Brllu,
v,)
673
{e}=([By] [By] [B1]45q Eq 211
o
{e} = [B]{6} Eq 212
Where [B] is:
[B1=[[By] [Bs] [B/]] Eq 213

[B] is a matrix independent of the x and y coordinates. It depends only on the element nodal
coordinates.

1 -ﬁp 0]
[Bp] == 0 "
1X|
Y» Bl
By O
B, =70 v Eq 214
Vq  Bql

1 B 07
[Br] =—10 vy
LYy By

From Eq 175:

{o} = [D]{e}

Where [D] is given by Eq 176 for a plane stress problem and by Eq 177 for a plane strain problem.
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Using Eq 175 and Eq 212, the stress in the element is:
{c} = [DI[BI{d} Eq 215

Note that {c}is constant in the CST element.

Element Stiffness Matrix

The principle of minimum potential energy is used to derive the stiffness matrix of the CST element.
The total potential energy of the element is given by:

T[p=U+.Qb+.Qp+.QS Eq216
Where,

e U is the strain energy

e () is the potential energy of the body forces

e (), is the potential energy of the concentrated forces
e Q) is the potential energy of distributed loads

The strain energy U is given by:

U = %ﬂ {e} {o}dV Eq 217
v
Using Eq 175:
U = % f f {e}"[DI{e} av Eq 218
Substituting Eq 212 into Eq 218: V
v= [fo [BI" {8} [D1[BI{8} dv £q 219

The potential energy O, of the body forces is given by:

0y = - fvf {ryr{@}av £q 220

Where,

e {I'}is the general displacement function defined by Eq 199.
e {®}is the body weight density matrix in units of [F]/[L3]
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Substituting Eq 199 into Eq 220:
_ TraT
||y @iav o291
14

The potential energy ), of the concentrated forces is given by:

= -{6}'{P} Eq 222
Where,

e {0}is the nodal displacement vector
e {P}is the concentrated external loads vector

The potential energy Qs of the distributed loads is given by:

__ ﬂ{ps}T{Qs}ds Eq 223
S

Where,

o {IG}is the field of surface displacements through which the distributed loads act
e {Qs}is the distributed loads in units od [F]/[L?]
e Sisthe surface over which the distributed loads {Qs} act

Similar to Eq 199, we can express {I's} in relation with the shape function matrix [Ns] evaluated along
the surface where the distributed loads act:

{I's} = [Ns){3} Eq 224

So, Eq 223 becomes:

f | wirarieas 225

Then, substituting Eq 219, Eq 221, Eq 222 & Eq 225 into Eq 216:
f [ sy vy av - f [|wirey@iav - e - f IR T —

Since the nodal displacement vector {8} is not dependent of the x and y coordinates, {8}" can be taken
out of the integrals:

= Gy fff "DIBYS} AV — (5" ff N {@)av - (3T(P} - (o f LTI
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The total load {f} applied on the element is the summation of the body force loads, the concentrated
forces and the distributed forces used to compute the potential energies from Eq 221, Eq 222 & Eq
225.

So, the total load vector applied on the element is:

= ||| wr@iav + ) + || riesas 228
14 S
Substituting Eq 228 into Eq 227:
= Gy ]j |Bros1sav - @)y 0 225

Statically, finding the equilibrium of the element corresponds to find a value of the nodal
displacement vector {3} yielding a stationary value of the potential energy m,. This condition is
obtained for:

omy 0
6(6) - Eq 230

Computing the derivative of Eq 229 with respect to the nodal displacement vector {6} and
substituting into Eq 230:

omy _ BldV|{s =0
Bldv ({8} = {f} Eq 232
From Eq 232, the stiffness matrix appears:
— T
B ﬂj [BYDIB1dv Eq 233
14

For an element with constant thickness t, Eq 233 becomes:

- tﬂ Bldxdy Eq 234
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However, for the constant strain triangular element, all the terms of the integral are not a function
of x or y. Then:

[K] = tA[B]"[D][B] Eq 235

Where,
e Aisthe area of the triangle and is given by: A = |X|/2
e [B]is given by Eq 213
e [D]is given by Eq 176 for a plane stress problem and by Eq 177 for a plane strain problem.

The stiffness matrix [K] is a function of:
e The nodal coordinates via [B] and A
e The mechanical properties E and v via [D]

Finally, the stiffness matrix of the constant strain triangular element is a 6 x 6 matrix written as:

Vel [Kpal  [Kor]
[K] = [kqp] [qu] [qu] Eq 236
[kerp]  [krq] - [kr]

Where each submatrice is given by:

Fori=p,qorr [kij] = tlX]|

= —[B;1T[D]1|B;
andj=p,qorr 2 [l][ ][ ]] Eq237

Where [Bi] and [B;] are defined by Eq 214. Note that each submatrice [k;] is a 2 x 2 matrix.

So, the 6 x 6 matrix [k] of the CST element is:

Ay

Node p

Node g

LX,

FiG 36 — THE CST ELEMENT’S COORDINATE SYSTEM AND DOF's
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Node p Node q Node r
Up Vp Ugq Vq Ur Vr
[ kppx Kppxy Kpax  Kpaxy] [Korx  Kpray]] y
Kppyx  Kppy Kpayx  Kpay 1 Kpryx  Kpry \,z
(k] = :qpx I;cqpxy :qqx l;(qqu :qrx I‘;(qrxy Uq £q 238
apryx avy aqyx qqy 1 Wqryx qry Vq
krpx krpxy qux quxy [ krrx krrxy u,
L krpyx krpy quyx quy -krryx krry v
Matrix Assembly

The direct stiffness method can be used to obtain the global structure stiffness matrix [K] for a
structure meshed with N CST elements:

N
[K] = Z[k]e Eq 239
e=1

Where [k]e is the stiffness matrix of each element of the discretization. Each [k]e is computed with
Eq 236.

Explicit Expression of the CST Stiffness Matrix

In this last paragraph about the CST element the 6 x 6 stiffness matrix is explicitly written using the
Eq 235.

[K] = tA[B]"[D][B] Eq 240

Where,
e Aisthe area of the triangle element
e tisthe constant thickness of the element
e [D]is the constitutive matrix given by Eq 177
e [B]is given by Eq 213

We will write the CST element stiffness matrix considering the plane strain assumption. By
substituting the matrices [D] and [B] into Eq 240, we have:

_Bp 0 Yp_
0 v Bp 1-v v 0 Bp 0 Bq 0 B O
tE B4 0 Yql|lv 1-v 0
(K] q q 2ull0 Yo 0 vo O Y| gq2m
4A(1+V)(1'2V) 0 Yq Bq 0 0 & Yp Bp Yq Bq Yr BI' ;
Br 0 Yr 2
L0 vy B
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The explicit constant strain triangle element stiffness matrix for the plane strain assumption is
obtained by multiplying the matrices in Eq 241.

The stiffness matrix [K] is a function of:
e the xand y nodal coordinates thanks to the ’s and y’s
e The material properties E and v
e The thickness t of the element
e The area A of the element

Note that the stiffness matrix is transformed for the plane stress assumption by replacing the
following terms in Eq 241:

e Replace(1-v)by1l
e Replace(1-2v)/2by(1-v)/2
e Replace (1+V)(1-2v)by(1-v?)
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tE
4A(1+v)(1 - 2v)

[K] =

2

530 -v)+ 73 (

S
ﬂp)/qv + qup (

YoYqe(1 = V) + BpBq (

BqaYqv + BqYq (—zv)

2
. ) 1-2v
yq(l_v)-l'lgq(

2

)2

v) Bp¥pV + Bp¥p ( _2 v) BpBq(1 = V) +vpYq (1 —221/)
Ba- 4B () By By ()
g2 -+ 72 (~)
Y M
BpBr(1—=v) + p¥r (1_2—ZV> Bp¥rv + Br¥p (1 _22v>
) Br¥pV + BpYr (_Tzv) Yp¥r(1 =) + By fr (1_2—21/)

1—2v 1—2v

,Bqﬁr(l - V) + YqVr (—

)

Bavrv + Bryg (

)

2 2
) BrYqv + Bq¥r (?) Ya¥r(1 —v) + BB ( - 2V>
BF(L—v) +y7 ( _sz) Brviv + Br¥r (?)

1-—-2v
2

)

Eq 242

(A=) +Br2<
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5.5.3. Membrane: The Linear Strain Triangle (LST)

Let’s now consider the stiffness matrix computation for the high-order triangular element called the
Linear Strain Triangle (LST). The same approach as the CST element is used for the development of
the stiffness matrix. However, since the number of equations is double, the hand calculations are
heavy. So, we will not solve the equations for the LST element, we will just expose the equations that
will be solved numerically by a computer.

Degrees of Freedom

The LST element has six nodes with two degrees of freedom per node, giving a total of twelve degrees
of freedom for the element. In addition to the three corner nodes, three mid-nodes are added on
each side of the triangular element.

Ayyv

» X,

Fi1G 37 — NODES AND DEGREES OF FREEDOM OF THE LINEAR STRAIN TRIANGULAR ELEMENT

The nodal displacement vector is now written as:

(U1
U1
Uz
(61 v,
O, Us

o) v
{5}=<5i>=<ui> Eq 243

65 Uy
\5¢/ Us
Vs
Ue

\Vg/

Shape Functions
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Since the LST element has twelve nodal unknowns, we need twelve constants a; to describe its
complete displacement field. Usually, for the triangular elements, a complete polynomial is used in
cartesian coordinates to describe the displacement field within the element. Pascal’s triangle is used
to assign properly the x-y coordinates of the polynomial to the ay’s.

X4 X3y X2y2 Xy3 y4
X5 X4y X3y2 X2y3 Xy4 y5

FiG 38 — PAScAL’S TRIANGLE FOR LST ELEMENT

So, for the LST, a quadratic displacement function is selected:
u(x,y) = @1 + axx + asy + asx? + asxy + asy>

Eq 244
v(X,y) = a7 + asx + agy + a10x? + a11xy + anzy? a

The adjacent elements exhibit a displacement compatibility guarantee by a parabola defined by
three points along each side.

So, the general displacement function is written:

ry= (&)

v(x,y)
a,
a;
_[1xyx2xyy2000000]a3 Eq 245
oo o 0 0 0 1 x y x2 xy y?
a,
In matrix form:
{I'} = [Al{a} Eq 246
With
[A]_lxyxzxyyzooo 0 0 o]
looo o 0 0 1 xy x*xy y Eq 247

First, let’s substitute the coordinates into u and v using the Eq 245:
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(U1 1 x y1 ¥ xy y1 0 0 0 O 0 07 ;a4 \
U, 1 x, vy, X2 xy9, y2 0 0 0 0 0 O0ffa
Us . . . . . . . . . . . . as
Uy ay
Us as

Ug 1 x¢ Vo X2 X6 Y6 0 0 0 0 0 0]]as
\a ( Eq 248

41 0 0 0 0 0 0 1 x y x} x9 Vi
[ . . as
v3 a9
Uy . . . . C . . . .%o
Vs 0 0 0 0 0 0 1 x5 ys x2 xsys yi||@u
e/ o 0 0 0 0 0 1 x yg x% xeye y2l ‘2’
Or,
{8} = {XKa} Eq 249
The ai’s are solved by:
{a}={x}*{3} Eq 250

Then, the obtained ai’s are substituted into Eq 246 to obtain the general displacement equations in
terms of the shape functions and the nodal degrees of freedom:

{T}= [ANX}{3} Eq 251
Then [N] is defined as:
[N] = [ANX}? Eq 252

The general displacement function becomes:
{I't = [N]{5} Eq 253
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Strain-Displacement & Stress-Strain Relationships

Knowing that the strains of the two-dimensional element are:

( ou
d0x
x av
{E}:;Y = ay >
xr du Jv
\dy 0x/
So, using Eq 245 of u and v into Eq 254:
(4
00102y 0000 0 0 07|22
{g}=[0000000010x2y“3}
0 01 0 x 2y 01 0 2x y 01|

The equation above shows a linear strain variation in the element. In matrix form:

{e} = [A’'l{a}

Where
0 10 2x y 0 0 0 0 O O O
N} =10 0 0 0 0 0 0 0O 1 0 x 2y
0 01 0 x 2y 01 0 2x y O

So, substituting Eq 250 into Eq 256, we obtain {€} in terms of the nodal displacements:

{e} = [NT{X}}{3}

Eq 254

Eq 255

Eq 256

Eq 257

Eq 258

Considering the matrix [B] as a function of the variables x and y and the coordinates (x1,y1) to (Xs,Ys):

{B} = [N]{X}!
Note that [B] is a 3 x 12 matrix.

From Eq 259 into Eq 258 we can write:

{e} = [B] {8}

Like it has been stated for the CST element:

{o} = [D][B]{3}

Eq 259

Eq 260

Eq 261
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Where [D] is given by Eq 176 for a plane stress problem and by Eq 177 for a plane strain problem.

Element Stiffness Matrix

The stiffness matrix for the LST element can be calculated using the same equation as the one
demonstrated for the CST element:

[k] = fff[B]T[D][B] dv Eq 262
|4

However, unlike the CST element, the [B] matrix of the LST element is a function of x and y but also
of the nodal coordinates. The [B] matrix is defined by:
Br 0 B 0 B3 0 B 0 s 0 PBs O

[B]=[0 i 0 v2 0 v3 0 v 0 ys 0 s Eq 263
Yi Bir V2 B2 Vs B3 Va Ba Vs Bs Ve Pe

The B’s and y’s are obtained by the inversion of the matrix [X].

So, to compute the stiffness matrix using the Eq 262, since [B] is a function of x and y, the integration
needs to be done before to multiply the matrices. The resulting stiffness matrix of the LST element
is therefore a 12 x 12 matrix.

It is very tedious to compute this matrix explicitly. This integration is however very easy for a
computer to carry out numerically.

So, the LST stiffness matrix is of the form:

[ K11 k1, ks . .. k1,12 i
ko4 ks, ks . . . kypp
k34 ks, kss . . . kzgo
(k] =] . . ) Co . Eq 264
(K121 K122 Ki23 - - . Kiz12]
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5.5.4. Thin-Plate

Assumptions and Basic Equations of the Kirchhoff Theory

The behavior of a plate is similar to that of a beam, they both carry transverse loads by bending
action. To start with the plates, we will focus first on the thin plates for which the behavior is
described by the Kirchhoff theory. This theory is named for the German physicist Gustav Kirchhoff.
So, considering a thin-plate in the xy plane and of thickness t measured in the z-direction submitted
to a transverse loading g.

AZ

FiG 39 — THIN-PLATE GEOMETRY AND LOADING

The thin plate satisfies the following assumptions:

e The plate thickness is much smaller than the two dimensions a and b: t << a and b). For a thin
plate the basic assumption is that t is less than 1/10 the span of the plate. If t is more than
1/10 the span of the plate, the transverse shear has to be accounted for and the Kirchhoff
theory is no longer applicable, we are in the domain of the thick-plate theory named the
Mindlin theory (see next paragraph).

e The deflection in the transverse direction, denoted w, is much less than the thickness t
(w/t<<1).

The transverse loading g applied on the thin-plate produces a lateral deformation w in the z-direction
which is a function of x and y: it is denoted w(x,y).

The Kirchhoff assumptions are:

e Aline D-D’ drawn perpendicular to the mid-surface of the plate before deformation remains
perpendicular after deformation (see Fig 40)
e The normal remain normal. That means the transverse shear strains yxz and yyz are null.
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The in-plane shear strain yxy is not null. In the plane <x,y>, the right angles do not remain right
angles

The variation of thickness is null: e2=0

oz = 0. So, the normal stress has no influence on the in-plane stress-strain equations.

The in-plane deformations at the mid-surface are null: u(x,y,0) = v(x,y,0) =0

Let’s draw the behavior of a differential slice of plate before and after deformation following the

Kirchhoff assumptions.

A Z,W
«dx
D
A °
t/2 M TZ
A\ 4
A O. > x,U
t/2
\4
D'
AZW

FiG 40 — BEHAVIOR OF THE DIFFERENTIAL SLICE OF PLATE ACCORDING TO THE KIRCHHOFF THEORY. [TOP] BEFORE

DEFORMATION [BOTTOM] AFTER DEFORMATION

As shown in Fig 40, any point M of the plate cross-section has a u displacement in the x-direction due

to the small rotation a.:

B B aw
u=—za = Zax Eq 265
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The behavior shown in the <x,z> plane on the Fig 40 is replicated in the <y,z> plane:

ow

i Eq 266

So, writing the equations of the rate of change of the angular displacements of the normal known as
the curvatures of the plate:

62W aZW aZW
Xx:_a_xz )(y=—a—yz = -2 Eq 267

Since the in-plane strain-displacement equations are written:

aZW aZW aZW
= —z— & = —Z—=— —
Ex z Ox2 y dy? Yy = —22 xdy Eq 268
By using Eq 267 into Eq 268Eq 270:
Ex = —ZXx ‘ & = TZXy ‘ Yay = —ZXxy Eq 269

Based on the assumptions of the Kirchhoff theory, the in-plane stress-strain relationships for an
isotropic material are:

E E
O, = 12 (Ex + vey) ‘ 0y = —1 — 2 (Ey + vex) ‘ Ty = Gny Eq 270

The normal stresses ¢ and shear stresses T are plotted in Fig 41 acting on the edges of the plate:

e The stresses oy, oy, Txy and tyx follow a linear variation in the z-direction from the mid-surface.
e The transverse shear stresses txz and Tyz are null as per the Kirchhoff assumptions.
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FiG 41 — STRESSES ON THE EDGES OF THE DIFFERENTIAL ELEMENT OF THE PLATE

Moreover, the bending moments Mx and My as well as the twisting moment Mxy acting along the
edges of the plate can be related to the stresses of equations Eq 270 as shown in Fig 42:

AZ

Qx

FiG 42 — FORCES AND MIOMENTS ON THE EDGES OF THE DIFFERENTIAL ELEMENT OF THE PLATE

The moments per unit length functions of x and y are:

M ft/z d % t/2
x — _t/ZZO'x Z My - J._%ZO'de Mxy = f ZTxde Eq 271
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So, substituting Eq 269 & Eq 270 into Eq 271, the moments are function of the curvatures by:

— — D(1—-v
M, =D(xx +vxy) ‘ M, =D(xy +vxy) My, = (T)Xxy Eq 272
Where D is the bending rigidity of the plate:
D Et3
The equilibrium of forces with respect to the z-axis as well as the equilibrium of moments around
the x and y axes permit to write the equilibrium equations in the form of the following differential

equations:
0Q, , 00, oM,  0M,, oM, oM
— — — = y Xy
o + 3y + 0 % + 3y Qx=0 % + — —Q, =0 Eq 274

So, by substituting the moment-curvature relationships Eq 272 into Eq 274 and by solving for Qx and
Qy, the governing partial differential equation for an isotropic thin-plate in bending is:

b 0w N o*w o a'w \
Ix*  y* dx2dy? =4 Eq 275
This governing partial differential equation shows that the thin plate bending behavior depends only

on the transverse displacement w.

Degrees-of-freedom

To derive the stiffness matrix of a thin plate we will consider the four nodes element called the
guadrilateral element. Each node [j,k,m,n] of the quadrilateral element has three degrees of
freedom:

e Atransverse displacement w the z-direction
e Arotation Ox about the x-axis
e Arotation Oy about the y-axis
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FiG 43 — THIN-PLATE DEGREES OF FREEDOM

The nodal displacement vector at node i (for i =j, k, m or n) is:

Wi
{6} = {Hxil Eq 276
B0y
Note that the rotations 0 are related to the transverse displacement by:
4. = ow
X ay
ow Eq 277
Yo ox

The negative sign for Oy is needed because to produce a positive rotation about the y-axis, a negative
displacement w is required.

The total quadrilateral element displacement vector is composed with 4 x 3 =12 degrees of freedom:
(Wi
Ox;
Byj
Wi

Ok 6;

(5}=1 1 = 5 Eq 278
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Shape Functions

Since the thin-plate element has twelve degrees of freedom, we need twelve constants aj to describe
its complete displacement field with a polynomial function. Like for the LST elements, a complete
polynomial in cartesian coordinates is used to describe the displacement field within the element.
Pascal’s triangle is used to assign properly the x-y coordinates of the polynomial to the ai’s.
///j:\\
Sxy

SOxExy Yo

XS X4y X3y2 X2y3 xy4 y5
FiG 44 — PASCAL’S TRIANGLE FOR THE THIN-PLATE ELEMENT
The last two terms x3y and xy3 are chosen to ensure the continuity in displacement at the boundaries
of element. The x?y? is rejected because it cannot be paired with any other terms.

W = a; + ayx + azy + a,x? + asxy + agy? + a;x3 + agx®y + agxy? + a;0y°
+ a11x3y + alzxy3 Eq 279

Similarly to the 1D beam element, the constants ai’s can be computed by expressing the 12
simultaneous shape functions linking the values of w and its slopes at the four nodes of the
guadrilateral element using their appropriate values.

Starting with the evaluation of the slopes:

w 2 2 3
E = az + asx + 2agy + agx” + 2a9xy + 3a.p0y° + ay1x
+ 3a,,xy?
Eq 280
aw 2 2 2
a ay + 2a,4x + asy + 3a;x° + 2agxy + agy“ + 3a1x°y

+ agpy?
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So, Eq 279 & Eq 280 in matrix form:

3

w
(aW w
dy —{Gx}:
ow Qy
ox.
Gy
281
1 x y x2 xy y? 8 X2y xy?  y3 x3y xy? |Zz|
=0 o 1 0 x 2y O x?2  2xy 3y* x3 3xy2{_3}
0 -1 0 —2x -y 0 —3x* —2xy —-y?> 0 =3x%y -—y° LJ
aiz
Again, the general displacement function I" is expressed as:
{I't=[Al{a} Eq 282
With
[A] =
1 x vy x* xy y* x3 xly xy? oy x3y  xyd
=lo 0o 1 0 x 2y 0 x* 2xy 3y? i3  3xy? Eq 283
0

-1 0 -2x -y 0 =3x2 —-2xy —y* 0 —3x%y -y

Eq 281 is now expanded by using the appropriate values at each point of the quadrilateral element:
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Wj
Oy
eyi
Wi
ka
(7]
{5}=<wy,: =
me
Oym
Wn
HXTL
Oyn
1 o5 oy oy oyt x5 5ty 5yt vt xRy %y a,
0 0 1 0 xj Zy] 0 ij Zx]y] 3}/]2 X]’3 3X]y]2 a,
0 -1 0 —2x] —y] 0 —3xj2 —2x]y] —y]2 0 —3X]2y] _y]3 as
Ay
as
— Qe
= a
ag
. . a9
1 X Yo X2 XYa Wn© XS %Vn Xa¥a® WS %Va xadn® 310
0 0 1 0 Xn 2V 0 Xp?2  2Xp,Yn 302 x,° 3%, V2 an
0 -1 0 -2x, -y, O =3x,2 =-2x,y, —¥.° 0 =3x%y, -2 12
Eq 284
{6} = [XI{a} Eq 285
The twelve constants a; are solved by:
{a} = [X]7*{6} Eq 286
Substituting Eq 286 into Eq 282:
{r} = [A[X]~*{s} Eq 287
With the shape function matrix given by:
— -1
{N} = [A][X] Eq 288

the general displacement function I" is written in function of the shape function matrix [N] and the
nodal displacement vector {8}:

{I't = [N]{6} Eq 289
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Curvature-Displacement & Moment-Curvature Relationships

As per the Kirchhoff assumptions we have:

22w
Xe= "G

0*w 0*w

Eq 290

So, by evaluating the above second derivatives of w from Eq 279, the curvature matrix is:

Xx
Xxy

0 -2 0 0 —-6x -2y O 0 —6xy 0
0 O 0o -2 0 0 —-2x -6y 0 —6xy| <
0O 0 -2 0 0 —4x -4y O —6x% —6y?

U} = [AHa}

Substituting Eq 286 into Eq 292:
{3} = [N]1[X]7{6}
So, by considering the gradient matrix [B]:

[B] = [A][X]*

The curvature matrix is given by:

{x} = [BI{6}
By writing Eq 272 & Eq 273 in matrix form:
Mx S LA I
m=lmylo 25 v 10 15
12(1—v2) 1-v||7”
Mxy 0 0 T Axy

2

al\

Eq 291

Eq 292

Eq 293

Eq 294

Eq 295

Eq 296
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Or,
{M} = [D]{x} Eq 297
Where [D] is the constitutive matrix for an isotropic material:
5 1 v 0
Et v 1 0
D= —
D] 12(1 —v?) 0 0 1—-v Eq 298
2
Finally, using Eq 295 into Eq 297:
{M} = [D][B]{5} Eq 299

Element Stiffness Matrix

The stiffness matrix of the four nodes thin-plate element is calculated using the usual form:

K1 = | B D1B1dxay q 300
Where:

e [B]is computed by Eq 294
e [D]is computed by Eq 298

The element stiffness matrix [k] is a 12 x 12 matrix.

[ K11 ks kis . . kig2)]
k24 k3, ks . . . ko
k34 ks, kss . . . ksip
[k] = . . . Coe . Eq 301
(K121 K122 K123 - o . Kip12]
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5.5.5. Isoparametric Formulation

The development of stiffness matrices for the membranes CST, LST as well as the four nodes plate
elements presented in the previous paragraphs have been done using a global coordinate system.
We have seen that the developments of the equations in terms of global coordinates is tedious.
However, an isoparametric formulation is available which leads to a simpler formulation more
adequate for programming and computing. This formulation is generally used for 2D and 3D stress
analysis. Moreover, the isoparametric formulation offers the possibility to have non-right-angles
elements or elements with curved sides. This formulation has been implemented in all the modern
FEA packages. This formulation is used for the derivation of the thick-plate element stiffness matrix
using the Mindlin assumptions. But before, the development of the stiffness matrix for the
membrane four nodes quadrilateral element using the isoparametric formulation is required.

The Natural Coordinate System

Since the quadrilateral element may be non-rectangular, an alternative coordinate system called the
natural coordinate system <&, n> is introduced:

e Its origin in the global coordinates <x,y> is at the average of the corner coordinates

e Regardless of the shape of the element, the physical size of the element or its orientation in
the global coordinate system <x,y>, the edges and the cornersareat { =+l and n=1%1

e £ andmnare not necessarily orthogonal and have no particular orientation with respect to axes
xandy

‘ R

FiG 45 — FOUR NODES QUADRILATERAL ELEMENT IN THE <&, 17> NATURAL COORDINATE SYSTEM
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Degrees of Freedom

Let’s consider the membrane four nodes quadrilateral element having two degrees of freedom (u;,
vi) at each node in the global coordinate system <x,y>. So, the membrane quadrilateral element has
eight degrees of freedom.

(x1,y1)

2
> .U (x2,y2)

FiG 46 — DEGREES OF FREEDOM OF THE MIEMBRANE FOUR NODES QUADRILATERAL ELEMENT

Shape Functions

The shape functions will be defined to map the quadrilateral element of Fig 45 in the natural
coordinates <&, n>. Since the membrane quadrilateral element has eight degrees of freedom, we
need eight constants a; to describe its complete displacement field.

First, the element shape described in the x and y coordinates can be related to the isoparametric
coordinates & and n by:

x=a,+ay,l+azn+aén

Eq 302
y = as + ag + a;n + agén a

As done previously, the ai’s coefficients in terms of the eight known nodal coordinates (x1,y1), (x2,y2),
(x3,y3) & (x4,y4) can be solved:

1
2= =mx + A+ HU =Mz + (1 + A +mxs
Eq 303

+ (1= +n)x,]

X =
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[(A-OA -y +A+HA-ny, + 1 +A +n)ys
+ (A=A +n)y4l

1
Y=q

In matrix form:

{x}_ Nl 0 NZ 0 N3 0 N4, 0]<3’2>
Y lo N, 0 N, 0 Ny 0 N,J)%s Eq 304

\ Y,/

With the shape functions of the above equation:

_a-9U-n
Ny = 2
N, = (1+f)4(1—n)
A+ +7) Fq 305
3T 4
L A-9U+n)
N, = 7

So, the displacement function I" can now be defined by the same shape functions used to define the
element shape:

{I'’ = [N]{3} Eq 306

(U1

{u}_ N1 0 NZ 0 N3 0 N4 0 %)
vJ7[0 N O N, O Ny 0 N,f|us Eq 307

\v, /

Strain-Displacement & Stress-Strain Relationships

To calculate the stiffness matrix [K], the strain-displacement matrix [B] has to be computed. It is
easier to formulate [B] in terms of natural coordinates & and m rather than in the cartesian
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coordinates. Moreover, this isoparametric approach is easier to program and it significantly improves
computing time.

The strains are defined in terms of the derivatives of the displacements with respect to x and y
coordinates (for example &.=0u/0x). However, the displacements u and v are now functions of £ and
1 coordinates as given by Eq 307 with the shape functions given by Eq 305.

So, to generalize the problem, let introduce a function j (could be u or v) expressed in terms of £ and
1 for which the derivatives are computed with respect to x and y. So, the chain rule of differentiation
is applied since it is not possible to express & and 1 as functions of x and y directly. For j as a function
of x and y, the chain rule gives:
dj 0jox 0jady
9§ 0x0% ' dyoE
dj djox 0jady
an oxan  dyon

Eq 308

Since the function j can be the displacement functions u or v, (6j/0€) and (0j/0n) are computed by Eq
307 while (0x/3E), (0x/om), (Oy/0E) and (Oy/om) are computed using Eq 304. The two-remaining
unknown in the Eq 308 are (0j/0x) and (0j/0x) needed to compute the strains. To solve the Eq 308 for
(0i/ox) and (0j/0x) the Cramer’s rule is proposed.

Reminder on the Cramer’s rule:

To solve the following system for {X}:

K11 Kiz Kiz] (%1 fi
Ky1 Ky Kpz|yX2p=1/2 Eq 309
K31 Ks; Ks3l\X3 f3

Where:

e [K]is a 3 x 3 known matrix.
e {f}is a known vector.
e {X}is the unknown vector.
To solve the system Eq 309 for {X}, the following Cramer’s rule is applied in two steps:
e Step 1: Create the matrix [Li] as the matrix [K] with column i replaced by the vector {f}

e Step 2: Compute:

Xi = m Eq 310
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Where,

e |Li| is the determinant of matrix [Li]
e |K|is the determinant of matrix [K]

So, by applying the Cramer’s rule, the system Eq 309 for {X} is solved:

fi Kz Kiz Kii fi Kis
f2 Ky Ki Ky1 fo Kaz
X _|L1|_ f3 Kz Kz x _|L2|_ K31 f3 Kzz
VTOK) T 1K Kz Kis 27 K| 1K Kiz Kz
K1 Kz Kz K1 Kz Kps
K31 Kz, Kz3 K31 Kz, Kzz
Kin Ko fi Fa st
Ky1 Ka f2
N =|L3|= K31 Kso f3
37 K| K1 Kz Kiz
K1 Kz Kz
K31 Kz, Kz3
Using the Cramer’s rule, Eq 308 is solved for (0j/0x) and (0j/0x):
9 Oy 9x 9j
9§ 0§ 9§ 0§
aj dy dx 0j
oj _lay_an oj oy
ox ~ [ox ay ~|x oy Eq 312
9§ 0§ 9 0§
ox 9y ox 9y
on On dn Jn

Where the denominator matrix is called the Jacobian matrix [J]. So, the Jacobian matrix is given by:

dx 0dy
_|9¢ 9§

UT=ax ay Eq 313
dn odn

Let’s continue with the expression of the element strains already used in previous paragraphs:

€ = [B]{5} Eq 314
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Here, [B] is expressed as a function of € and n. The usual strain-displacement relationships are:

(o odu
0x
€x v
{e}={€yl=< @ g Eq 315
Yxy
ou N ov
\dy 0x/

Let’s introduce an operator matrix to re-write the Eq 315:

9( )
c 0x 0
X a( )l
{Zy}= 0 dy {v} Eq 316
aC ) a( )
dy d0x
Where the operator matrix is
0( )
dx 0
a( )
El=| O —
[E] 3y Eq 317
aC ) a( )
dy dx

In the operator matrix epsilon from Eq 317, 9()/0x and &()/0y are the partial derivatives of any
variable we included in the parentheses.

Coming back to Eq 312 the determinants in the numerators are evaluated:
zx>};gm>_gm>1
dx  |J/llon 0& 9§ an

2 ) _ 1[oxaC ) axa( )
dy  lJI{og on  on o¢

l Eq 318

In the Eq 318 above, |J| is the determinant of the Jacobian matrix given by Eq 313.

So, by substituting Eq 318 into Eq 316, the strains are expressed in terms of the natural coordinates
Eandn:
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|dyaC ) dya( )
on 0§ 9§ On

H)_1 . Iaxa( ) 9xd( ) m
o) U1 ¢ an o 9 || Fq 319
dxa( ) oxa( ) dya( ) odyoa( )
[|0¢ On an 0d¢ on 0¢& 0¢ 0on
By using Eq 307 the strains of Eq 319 are expressed in terms of the shape functions:
faya( ) aya( ) .
an 09¢ d¢ 0n
iX 1 . axa( ) axa( )l
ver) VI ¢ on  an ¢
dxd( ) o0xa( )| [dya( ) adyd( )
[|0¢ On on 0¢ on 0¢ 0¢ on |l
U1y Eq 320
U1
Us
*[Nl 0O N, 0O N; O N, 0] v2>
0 N, O N, 0O N3y 0 Nyl|us
U3
Uy
\v,J
Or in compact matrix form:
{e} = [Y]IN]{6} Eq 321
Where [V] is another operator matrix given by:
[ayaC ) aya( ) .
dn 0§ 9§ On
1 dxd( ) oxa( )
Yl = — 0 = =~ 7
=g o a1 on 0 Eq 322
dxa( ) 0xa(C )| [aya( ) aya( )
(|0 On on 0¢& on 0¢ d¢ on
[N] is the 2 x 8 shape function matrix:
Nl = Ny O N, O Ny O N, O
[N] = 0O NN O N, O Ny O N4] Eq 323
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{0} is the degrees of freedom vector:

(41

{6}=<."%

\V,/

So, as per Eq 314, [B] is the 3 x 8 matrix defined as:

Eq 324

Eq 325

By substituting Eq 322 for [\] into Eq 325 and Eq 305 & Eq 323 for the shape functions into Eq 325,

[B] is:

[B(s,n)]=vll[31 B, By, B

Where the submatrices [Bi] are:

Fori=1,2,34

aN; AN,

a 3% -f o 0
aN, _dN,
[Bi] = 0 Yan "t ar
aN, 9N, 9N, N,
4 -1 a -
Yoy e “ag TP an

a=—[=Dy1 =+ Dy + €+ Dys + (1 =)y,

= e

B==[-—Dy,+ A —ny, + A +n)ys; — (1 +n)y4l

4

1
v=7 [ — Dxy + (1 —mxy + (1 +1)xz — (1 +1)x4]

1
A=216=Dx = (€ + Dy + (§ + Do + (1 = oy

Eq 326

Eq 327

Eq 328

So, to evaluate [B], the determinant of the Jacobian matrix which is a polynomial of & and n is
evaluated. Then, from Eq 313 for [J] and Eqg 303 for x and y, the determinant of the Jacobian matrix

is calculated:
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0 1-n n-¢ <$-17Mm
_1 n—-1 0 §+1 —=§-n|)x
Ul=gl *2 X xfl. 0 4 7 n+1 )% Eq 329

1-¢ ¢+n —m-—1 0 Xa

So, |J| and [B] are function of £ and 1 and of the known global coordinates x1, X2, X3, X4, Y1, Y2, Y3,

ya. Due to the stress-strain relationship, the stress matrix ¢ is also a function of £ and n:
o = [D][B]{6} Eq 330

Element Stiffness Matrix

The stiffness matrix [k] is evaluated using the well-known equation:

[k] = fﬂ[B]T[D][B] dv Eq 331
|4

So, for a planar element having a constant thickness t, Eq 331 becomes:

(k] = JJ[B]T[D][B].t. dxdy £q 332
A

To express the above equation in terms of <€,n> coordinates, since [B] is a function of £ and n, the

integration is done with respect to & and 1. So, using the determinant of the Jacobian matrix, the

transformation of x and y variables into the <> coordinates is performed. From a theorem of

integral calculus, the generic form for a function j is written as (see a mathematics book for the

complete proof):

| i vaxay = [[ sc.munasan o 333

So, using Eq 333 into Eq 347, the iso-parametric coordinates is:

W= | BrmEIyidsdy £q 334

The above integration to determine the stiffness matrix is done numerically using the Gaussian
guadrature method. Refer to a mathematics book for details about this method. Note that the
stiffness matrix computed with Eq 334 is an 8 x 8 matrix.
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5.5.6. Thick-Plate

Assumptions and Basic Equations of the Mindlin Theory

This theory is named for the American mechanical engineer Raymond David Mindlin. The Mindlin
theory of plates is an extension of the Kirchhoff plate theory that considers shear deformations
through-the thickness of a plate. The Mindlin theory is to the plates what the theory of Timoshenko
is to the beams.

1D Beam 2D Plate Cross-Sections
Shear deformation EULER- Right angles
KIRCHHOFF
neglected BERNOULLI CHHO preserved
Shear deformation Right angles
taken into account TIMOSHENKO MINDLIN NOT preserved

Similarly to the Timoshenko theory for the beams, the transverse shear deformation effects are
included in the Mindlin plate theory. It means that the plane sections do not remain perpendicular
to the mid-surface after deformation. In other words, the planes initially normal to the mid-surface
may experience different rotations than the mid-surface itself. The main consequence is that the
transverse strains yx; and yy; are no more null and the rotations of the cross-sections are treated as
independent variables.

Before

After deformation

- Mid-

Kirchhoff Mindlin

FiG 47 — SHEAR DEFORMATION IN A MIINDLIN PLATE
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Let’s draw the behavior of a differential slice of plate after deformation following the Mindlin

assumptions. Fig 48 shows the displacements of a differential slice of plate in the <x,z> and <y,z>

planes. Ox and Oy are the rotations of lines initially perpendicular to the middle surface. The top view

shows the definition of positive rotations viewed normal to <x,y> plane. The middle view shows the

displacements in <x,z> plane. The bottom view shows the displacements in <y,z> plane.

The Mindlin assumptions are:

The plate thickness is approximately one tenth of the planar dimensions

The normal to the mid-surface remains straight but not necessarily perpendicular to the mid-
surface

The displacement field across the plate thickness is linear

The plate thickness does not change during deformation

The normal stress oz through the thickness is ignored (plane stress condition)
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Ov
Y,V
x,u —p»Ox
Z,W
A Z,W GV
u=z0y—»
yy oM
z
{
A 0
w
» XU
— % ow
ox
ALW >—fe—V = -z0x
M
3 ®
Z
¥
A O
w
> VIV
ow
dy

FiG 48 — BEHAVIOR OF THE DIFFERENTIAL SLICE OF PLATE ACCORDING TO THE MINDLIN THEORY
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Degrees-of-freedom

To derive the stiffness matrix of the thick-plate, the same four nodes element as in thin-plate is
considered. Each node [j,k,m,n] of the quadrilateral element has three degrees of freedom:

e Atransverse displacement w in the z-direction
e A rotation Ox about the x-axis
e A rotation Oy about the y-axis

FiG 49 — THIcK-PLATE DEGREES OF FREEDOM

The nodal displacement vector at node i (for i =j, k, m or n) is:

Wi
{6:) = {gxi} Eq 335

0y

The total quadrilateral element displacement vector is composed with 4 x 3 =12 degrees of freedom:

r Wiy

) Eq 336
@y ={ 7kt =1{% ’
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Shape Functions

Using the isoparametric formulation of the shape functions defined in the previous paragraph:

-0 -7
Ny = 1
N, =(1+E)4(1—77)
b _@roatn Fq 337
37 4
1-— 1
y, = ¢ 5)4( +1)

And, considering the four nodes isoparametric element, the variations of displacement w and
rotations Ox and By within the thick-plate element are expressed in relation of nodal values as:

r W1
051
%
w;
9x2
0y
1 ws [ Eq 338
9x3

NN O 0N O O N, 0O 0O N, 0 0
O N O O N, 0 0 N, 0 0 N, 0
o 0N O O N, 0 0 N, O 0 N,

4 4
w = Z NiWi Bx = Z Ninl- Qy = Z Nigyi Eq 339

Curvature-Displacement, Shear-Strain & Moment-Curvature Relationships

Thus, according to the Mindlin plate theory, the deformations u and v parallel to the undeformed
mid-surface, at a distance z from the centroidal axis are given by:

U= 20 v = —z0y Eq 340

y

Where B8x and By are the rotations of the normal line initially perpendicular to the mid-surface of the
plate with respect to the x and y axes.
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The curvatures are given by:

_ 08, ‘ 06 00, 096,

Xx_g Xy__w ‘ Xx}l_g_% Eq 341

Similarly to the thin-plate, the moments and the curvatures are related by Eq 272 & Eq 273. So, the
bending effect in the thick-plate of thickness t measured in the z-direction is written:

Mx Et3 1w 0 Xx
{My}:—v to {Xy} Eq 342
— 2 —v q
Mxy 12(1 V) 0 0 Xxy
Or,
{M} = [D]Bending{)(} Eq 343

So, since the transverse shear effect is considered in the Mindlin assumption, the shear strains are
expressed by:

Vez = 0y +— Yyz = ~bx+ 57 Eq 344

aW aW
0x

As per the Theory of Elasticity, the shear effect in the thick plate is given by:
{Qx} _ [GtK 0 {yxz}
Qy Lo Gtrcd Yyz Eq 345

Where G is the shear modulus given by:

E
G = m Eq 346
In the Mindlin theory, the shear strain is assumed constant across the thickness of the plate.
However, it is known to be parabolic across the thickness of the plate. To account for the inaccuracy
in the shear strain, a shear correction factor k is applied so that the correct amount of internal energy
is predicted by the theory. The value of « is usually taken to be 1t?/12 or 5/6 (refer to a mechanic
book). Eq 345 is also written:

{Q} = [Dlsneariy} Eq 347
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So, the complete moment-shear-strain relationship for the thick-plate is:

(Mx
My
Mxy
Qx
Qy
(00,
ox
a0
Et3 11/ 11/ 8 0 0 _6_; Eq 348
—_— 0 0
) 1-—
_[12A=v]y o Y 0 0 99y 96
2 dy Ox
0 0 0 Et [rc 0 ow
0 0 0 20+l wll| & +5
6, + 2V
\ 7 ay)
So,
Mx [ A 0 0 X
My -t vt 0 0 0 X
Myt = [12A=vD g o 12V 0 0 o
Xy p = > xy Eq 349
8" 0 0 0 Et [;c o] ]);"Z
y 00 0 20+ v lo w77
Or,
{{M}} — [[D]Bending [O] ] {{){}}
{Q} [0] [D]Shear {)/} Eq 350
{{M}} — [[D]Bending [0] ]{8}
{0} [0]  [Dlshear Eq 351
Where,
Xx
Xy\ Wi
{e} = (Xxy =[B]{5i}=[3]{0xi} Eq 352
Vxz gyi
Vyz
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The constitutive matrix is then:

1 v
E |y 1 0 8 8
[D]Bending [0] _{12(1 —v?) 1-v
= 00 0 0 Eq 353
[0] [D]Shear 2
0 0 0 Et [K 0
0 0O 21+ v)L0 xll

With:

e [B] the strain displacement matrix
e {0} the nodal displacement vector

By substituting Eq 352 into Eq 351:

) =[50 (o1 | 100 e

To evaluate [B], using Eq 339, Eq 341 and Eq 344. the curvatures and the shear strains are:

ie N,
X = . —_—
24:9 oN; S 0 aN; ” i=1 "oy
Xx = vi 3 Xyzz_xi_ 4
=" = DX N
x5y Eq 355
i=1
4 4 4 4
dN; dN;
sz=ZWi o +ZeyiNi Vyz=zwi__zexiNi
i=1 =1 i=1 Y=
The Eq 355 written in matrix form is:
0 0 aNi_
0x
dN;
Xx 0o - 3y 0
Xy ON; 0N, ;Vf
Axy p =10 - dx ay Xt Eq 356
Vxz Hyi
Yyz oN; 0 N,
ox l
dN; N 0
| 0y !
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Xx
Xy
Xxy p =
YXZ
Vyz

{e} =

From Eq 356, we obtain the 5 x 3 strain displacement matrix [B]:

— O O aNi_
0x
aN;
— 0
dy
dN; ON;
[B] = “ox 3y Eq 357
aN; 0 N
0x ‘
aN; N 0
L Jy : |

Then, for the four nodes quadrilateral element, using the nodal displacement vector from Eq 336,
the strain displacement matrix becomes the following 5 x 12 matrix:

[B] =[[B;] [Bi] [Bml [Bul]

Eq 358
Where each [Bi] fori=j, k, m, nis the 5 x 3 matrix given by Eq 357. [B] is then written as:
[B] =
dN; ON,, dN,, 0N,
0 0o —ZL o0 0 —=—— 0 0o == 0 0o —=
Oox d0x O0x dx
dON; dN oN N,
o —— 0 0o —-——% 0o o0 -=2 0 0 -—2 o0
dy dy dy dy
aN; N, ON, 0N, ON,, ON,, oN, on,| Ed
o ——2 - - = o =2 T -2 —T| 359
dx 0dy dx  dy 0x dy dx dy
dN; oN oN N,
] k m n
— p— N, —2= N, —= N
ox 0 7 9x 0 ko ox 0 ™o ox 0 n
dN; oN JdN dN.
] k m n
— =N, — =N 0 — -—N 0 — -—N 0
oy J dy k dy m dy n |
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So, using Eq 354, the bending and shear terms are:

[D]gending [0] ] (B] = [[D]Bending

0
0 Dl s O ie) (e 5] a3

Fori=j, k, m, n, the it" submatrice in the Eq 360 is:

—Vtz aNl tz aNl_
1—-vdy 1-—vox
—t* ON; vt* ON;
1—-vdx 1-—vay
[D]Bending [0] [B,] = Et 0 —t2 aN; £2 N,
[0] [Dlsheard = & 12(1 +v) 2 ox 29y Eq 361
dN;
6KE 0 6K N;
dN;
6KW —6KN; 0

So, the bending and shear terms in Eq 361 can be separated and written as:

[0] [D]Shear ) )
—vt? ON;  t?> ON;] 0 0 07
1—-vody 1-vox 8 8 8
Et —t? (')NL vt? (')Nl ON:
=—-—1|0 62T g
12(1+v) 1—-vdx 1—vay e i
—t2 dN; t2 dN; aN;
0 ——— - -N; O
! 2 Ox 2 dy | | dy

Eq 362

Element Stiffness Matrix

The stiffness matrix of the four nodes thick-plate element is calculated using the usual form:

= [Juar [Py, J e Fa 363

Where [B]'[D]{B} is computed as:
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0 0 0 dN; ON;
x Ay
_— dN; dN;
k=10 % % © N
dN; dN;
P 0 — N 0
0x ay “i=jkmn
O O aNL'_
0x
oN;
1 v 0 _ .t
Et3 v 1 0 8 8 0 oy 0
X12(1—1/2)0 0 1-v 0 0 Ao _ON; 0N,
2 dx 0dy
00 0 Et [x 0] aN;
000 20+w)lo «ll |57 0 N
dN; N 0
- ay l “i=j,kmn
Eq 364
So, [E] isa 12 x 12 matrix:
[kia]  [laa] [Kas]  [Rad]
_ [D]genain [0] [ka1] [kz2] [kas] [kodl
k| =[B T[ g ] Bl =]|._ _ _ _
[ ] [ ] [O] [D]Shear [ ] [k31] [ksz] [k33] [k34] Eq 365
[kaa] [kaz] [kas] [kl

Where each [Eaﬁ] is a 3 x 3 matrix defined as:
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[Fag) = 3z

1= 12(1 +v)

" (ON,ONg N, ONg oN,, oN,,

6K<6x o + 3y dy —6kK 3y Ng 6K o Ng

t> (0N, ONg vt* (0N, ONg
JdN, 1—v\dy 0Jy 1—v\Jdy o0Ox
—6K—Nﬁ 2 2
¥ ay +t 0Na 6Nﬁ + 6kN-N t 6Na (')NB
\ 2\ 0x ox *a B/ \ 2\ ox oy /
/ vt? (0N, ONg \ / t> (9N, ONg \
0N, 1—-v\odx dy 1—-v\ odx 0x
6K—Nﬂ 2 2
0x t* (0N, ONg t* (ON, ONg
-= —-— +—= —— | + 6kNyNg
2\ dy Ox 2\ dy 0dy

Eq 366

So, the stiffness matrix of the four nodes thick-plate element is calculated as:

[K] = f f [k]dxdy Eq 367

To express the above equation in terms of the natural coordinates <&,n> in the isoparametric
formulation, since [B] is a function of £ and 1, the integration with respect to § and n is possible using
the determinant of the Jacobian matrix to transform the x and y variables into the <§,n> coordinates.

[K] = J_ j_ [k]1J1d€dn Eq 368

The integral can be easily computed numerically by the FE solver.
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5.5.7. Shell

Definition

The shell element can carry loads in almost all directions: it combines the membrane and plate
elements capabilities. The shell element undergoes in-plane, bending and twisting deformations. It

can be used to model large structures like the roof of a building, cylindrical and hemispherical tanks,
fuselage of aircraft...

In order to derive the stiffness matrix of the shell element we can use the usual method presented
for membranes and plates in previous paragraphs which consist in defining the shape functions, the
strain-displacement and stress-strain relationships and then obtaining the element matrix. However,
since the shell element combines the properties of the membrane and the plate elements previously
discussed in detail, we will use a short cut method to derive the shell element stiffness matrix.

Degrees of Freedom

Let’s consider the degrees of freedom of the membrane and the plate elements in a local element
coordinate system:

Shell Element Membrane Element + Plate Element

5 DOF’s per node 2 DOF’s per node 3 DOF'’s per node

<2 <R

FiG 50 — DEGREES OF FREEDOM OF SHELL, MEMBRANE AND PLATE ELEMENT

The nodal displacement vector at node i (fori=1, 2, 3, 4) is:

{6;} =< Wi Eq 369

ELEMENT STIFFNESS MATRIX FOR VARIOUS TOPOLOGIES - 2D ELEMENTS 119


https://www.fea-academy.com

'

FEA

ACADEM

L

THE FINITE ELEMENT METHOD THEORY IN DEPTH

The total quadrilateral shell element displacement vector is composed with 5 x 4 = 20 degrees of
freedom:

{6} = 55 Eq 370

Element Stiffness Matrix

The stiffness matrix for the four nodes membrane element corresponding to the uand v DOF’sisa 8
x 8 matrix:

Nodel Node2 Node3 Node4

-7, m m m m-
11 12 13 14
m m m m
21 22 23 24
[k ]Membrane —
e Eq 371
m m m m
31 32 33 34
m m m m
-k4-1 k42 k4—3 k4-4—-

m

Where each submatrice [klj] is a 2 x 2 membrane element matrix.

The stiffness matrix for the four nodes plate element corresponding to the w, x and &y DOF’s is a
12 x 12 matrix:

Nodel Node2 Node3 Node4

ki kT, kis ki
- k3, k%, k3 k%,
ate __
[k] =l ) , ) Eq 372
k31 k32 k33 k34-
Lo# ki, ki ki

Where each submatrice [klpj] is @ 3 x 3 plate element matrix. So, the stiffness matrix of the shell

element is written as a 20 x 20 matrix:

[ke]Membrane 0

Shell _
[ke] - 0 [ke]Plate Eq 373
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However, this 20 x 20 matrix is not convenient for the matrix transformation process which consists
in transforming the matrix from the local coordinate system to the global coordinate system. So, an
extended 24 x 24 matrix including the 0z degree of freedom is used as shown below. Note that the
stiffness corresponding to 0z are zero. From a practical point of view, the stiffness corresponding to
0z is set to a small value using a specific parameter for the shell elements, not a null value, to avoid
singularities and obtain a solution.

Node 1 Node 2 Node 3 Node 4
k0 0!k 0 O kK 0 0 kK 0 0
0 kP, 0/ 0 kP, 0 0 Kk, 0 0 KP, 0
0_.0_00 0 0 0 0 0 0 0 0
m 0 0 kK% 0 0 kKX 0 0 K& O O
0 kKb, 0 0 Kb, o0 0 Kb, 0 0 K5, O
[k,Jshet =[O0 0 0 0 0 0 0 0 0 0 0 0
e m 0 0 kK% 0 0 KL 0 0 k% 0 0 Eq 374
0 k¥ 0 0 Kk§, 0 0 ki 0 0 K5, 0
o 0 0 0 0 0 O O 0 O 0 O
kR 0 0 k% 0 0 kKX 0 0 kKX 0 O
0 kb, 0 o0 kP, 0 0 kb, 0 0 kb, 0
o 0 0 0 0 0 O O 0 O 0 O
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5.6. 3D SoLiD ELEMENT

Let’s consider the three-dimensional element, also called the solid element. This element is used to
analyze general 3D bodies like dams, thick wall structures, solid forging parts like fittings or engine
parts. As mentioned in chapter about “The Library of Elements” in “Practical Finite Element Analysis
for Mechanical Engineers”, the basic solid elements are the tetrahedron with 4 or 10 nodes. A more
advanced solid element is the hexahedron, also called the brick element. In this paragraph, the
stiffness matrix is derived for the 8 nodes and the 20 nodes hexahedron elements. The isoparametric
formulation presented for a 2D element page 98 is used.

5.6.1. Linear Hexahedral Element

Degrees-of-freedom

The linear hexahedral element has eight corner nodes. Each node has three translational degrees of
freedom u, v, w. So, the linear hexahedral element has 8 x 3 = 24 degrees of freedom.

(Xs,Ys,28)
8
(Xa,ya,z4)
4 7
z (x7,y7,27)
y
( z ) 6
X1,¥1,21
X u (Xe,Y6,26)
2
(X2,y2,22)
FiG 51 — DEGREES OF FREEDOM OF THE LINEAR HEXAHEDRAL ELEMENT
The nodal displacement vector at node i (fori=1to 8) is:
U;
6} = {”i} Eq 375
w;

The total linear hexahedral element displacement vector is composed with 8 x 3 = 24 degrees of
freedom:
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(61

=15 Eq 376

55/

Shape Functions

The isoparametric natural coordinates <€,m,y> is used to define the shape functions and to facilitate
the stiffness matrix derivation. The element faces are defined by £=+1, n=+1, y=+1 as shown in Fig
52.

FiG 52 —LINEAR HEXAHEDRAL ELEMENT IN THE <&, 1], > NATURAL COORDINATE SYSTEM

In the natural coordinate system <&,n,y>, the corner nodes have the following coordinates:

TABLE 3 — NODES NATURAL COORDINATES

Node | & | Mo | Yo
1 1711
2 1 -1]-1
3 1 /-1]1
4 -1 -1 1
5 -1 01 -1
6 1 1]-1
7 1 1 1
8 -1 (1 1
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So, we need 24 coefficients to define the functions used to describe the element geometry for x, y
and z in terms of the generalized degrees of freedom:

X =a;+ aé +azn + a )+ asén + agny + a; ¢ + agény
Y = Qg+ a19¢ + apn + aP + a138n + agany + aisPE + a6ény

Z = Qq7 + 188 + aq9n + Ao + 218N + AP + axzPé
+ azsny

Eq 377

So, same as the Eq 304 extended to include the z coordinate:

X 8 Nl' 0 07 (x;
b2z ol
z/ = \M0 0 NIz

Where N; are the shapes functions for i=1 to 8, with &= %1, no= %1, yo= %1 as per Table 3:

1
Ni =g (L +850) (A +1m0) (1 + Yiho) Eq 379

The displacement functions in terms of the generalized degrees of freedom are of the same form as
the functions used to describe the element geometry by Eq 377. So, the displacement functions
including u, v, w is written:

u 8 Ni 0 0 Uu;
{”}ZZ( 0 N 9 {viD Eq 380
w i-—1\LO 0 N l\w;

The shape function matrix is a 3 x 24 matrix.

Strain-Displacement & Stress-Strain Relationships

Let’s consider the three-dimensional infinitesimal element (dx,dy,dz) in a cartesian coordinate
system as shown in Fig 53. It represents the state of stress on three perpendicular faces of a body.

e The normal stresses cx, oy and oz are perpendicular to the faces.

e The shear stresses act in the plane of each face: txy = Tvx, Tvz = Tzv, Tzx = Txz
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FIG 53 —STATE OF STRESS ON A SOLID ELEMENT

The element strain-displacement relationships are (u, v, w are the displacements associated with the
X, y, z directions):

Ju v P
= — &, = — _ w
The shear strains are:
du Jv dv Jdw
_ — — — dw Jdu
= =— 4+ — = = 4 —
Yxy = Vyx dy  ox ‘ Vyz = Vzy 9z ' dy ‘ Vox = Vaz = £ + FP Eq 382
The stress-strain relationships for an isotropic material are:
{o} = [D]{e} Eq 383

Where {c} is the stress vector, {€} is the strain vector and [D] is the constitutive matrix:
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Ux
Oy
Oy
Txy
Tyz
sz
1—v v v 0 0 0
1-v 111/ 3 8 8 £, Eq 384
1—2v &y
— E > 0 0 &,
1+v)(1-2v) 1 —2v ]]:xy
vz
2 Yor)
1-—2v
S Y M >

To define the strain-displacement matrix [B], Eq 381 & Eq 382 are used. These relations are expressed

in terms of global coordinates, including a differentiation with respect to z. So, the Jacobian matrix

presented for the isoparametric formulation of the four nodes quadrilateral element (see Eq 313)

needs to be expanded:

(dx dy 0z
d0& o0& 0¢
U= dx dy 0z
- on dn On Eq 385
dx dy 0z
Y odyY Y.
So, Eq 312 is also expanded:
9j 9y 0z ox 0] 0z 9x 9y 9j
9§ 09§ 0§ 9§ 9§ 0§ 9§ 09§ 0§
9 3y oz ox 9 0z ox 3y 9
dn 0dn 0Jn dn odn O0n dn Jdn 0n Eq 386
9 oy o x 9 oz o oy o
0j 1oy oy oy 0j 1oy ayp Y 0j _ 1oy oy P
dx /1 dy |71 0z /1
So, from Eq 386:
a( )_ 1[0( )0yoz 0dyadz\ 0dy(o( )dz d( )oz dz (d( Yoy a( )ady
ox | a¢ %@_@%)_6_6 an oY oY oan) 0E\ an o Y an Eq 387
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[69((6( )az 6( )az) a( )(axaz ax62)+62<0x6( ) axa( ))]
6y E

an oy P an) 9 \anay oaypan)  9E\an ay Ay an

dx (dyo( ) adya( ) dy (oxa( ) dxa( ) a( )soxdy O0xady
Ul[ ( ) ( )+ ( )]

ac\an oy oy an ) ag\an ap Ay an o9& \anoy apan

az=

So, writing the strain-displacement equations Eq 381 & Eq 382 in matrix form:

[0( )
o 0 0
aC )
(Sx] 0 _6y 0
€ aC )
{eﬁ - R v s
lyny_ o) o) o |l Eq 388
Yyz dy 0x
Vax o 200 ()
0z dy
a(C ) 0 a(C )
L Jz Ox -

So, the operator matrix [\V] is defined by substituting Eq 387 into Eq 388 and the strains expressed
in term of the natural coordinates <§,n,y> are obtained. Then, Eq 388 is expressed in terms of the
shape functions in compact matrix form:

{e} = [Y][N]{6} Eq 389

So, the strain-displacement matrix is given by:

[B] = [W][N] Eq 390
Where,
e [W]isthe 6 x 3 operator matrix from Eq 388
e [N]is the 3 x 24 shape function matrix from Eq 379 & Eq 380

[B] is now a function of £, and y. Note that [B] is of order 6 x 24.

Element Stiffness Matrix

The stiffness matrix of the linear hexahedral element is calculated using the usual equation:

fﬂfﬂf B1lJ|d¢dndy Eq 391
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Where,
e [B]is computed by Eq 390
e [D]is computed by Eq 384
o [k]is a 24 x 24 matrix

Again, it is best to evaluate [k] by numerical integration using a FE solver.
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5.6.2. Quadratic Hexahedral Element

Degrees of freedom

The quadratic hexahedral element has eight corner nodes and twelve mid-side nodes for a total of
20 nodes (see Fig 54). Like for the linear hexahedral element, each node has three translational
degrees of freedom u, v, w. So, the linear hexahedral element has 20 x 3 = 60 degrees of freedom.

AN

FiG 54 — DEGREES OF FREEDOM OF THE QUADRATIC HEXAHEDRAL ELEMENT

Shape Functions

So, a total of 60 coefficients are needed to define the functions used to describe the element
geometry for x, y and z in terms of the generalized degrees of freedom:

x = ay + ay¢ + azn + ap + asén + agny + a;Pé + agé? + agn® + ajo?
+ 11820 + a128n* + azn®P + agmPp? + a;5P%E + agPé?
+ a8 + a1g€2MP + a10En*YP + azeéni?

Y = g1 + A28 + a3n + Az 4 azs5én + azeny + azrPE + azgé? + azen® Eq 392
+ azoyp?
+ a318°0 + a3,80% + azsn*YP + aznp? + azsP*E + azgPpé?
+ az;émp + a38€277'~/) + a39f772'~/) + a4of’l’~/)2
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Z = Qg+ Qg8 + Qa3 + A + Qs8N + Qs + ay;PE + a48€2 + a49n2
+ asoyp?
+ as518°0 + as,8n* + assn*YP + asymP? + assPiE + asgpé?
+ as,Emp + asgé2m + asoén*YP + agoénip?

In the natural coordinate system <&nm,y>, the corner and mid-side nodes have the following
coordinates:

TABLE 4 — NoDES NATURAL COORDINATES

Node | & | Mo | Yo
1 +1 -1 -1

+1 | -1 -1
3 +1 | +1 | -1
4 +1 | +1 | +1
5 11| +1
6 11 -1
7 -1 +1 | -1
8 -1 +1 | +1
9 +1 (-1 0

17 0 |-1]|+1
18 0|-1]-1
19 0 |+1 ] -1
20 0 |+1 | +1
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So, the shape functions are given by:

For the corner
nodes
i=1to 8

For the mid-side
nodes
i=9, 11, 13,15

For the mid-side
nodes
i=10,12, 14, 16

For the mid-side
nodes
i=17to0 20

1
N; = g[(l + &&0) (1 +mo) (1 + Ypo)][€€o + nmo + Y1

—2]

NL':

Ni=

Ni=

Element Stiffness Matrix

[(1+&&) (1 +nme) (1 +?)]

=

[(1+ &5 +n*) (A + o]

AN

[(1+ &3 A + 1) (1 + Pipy)]

AN

Eq 393

Eq 394

Eq 395

Eq 396

The derivation of the stiffness matrix for the quadratic hexahedral element follows the same steps
presented for the linear hexahedral element except that the shape functions from Eq 393 to Eq 396

are used.

The stiffness matrix is computed numerically using Eq 391 and is a 60 x 60 matrix.
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6. How Is THE STIFFNESS MATRIX ASSEMBLED?

When computing an FEA with software, the actual assembly of the stiffness matrix is invisible to the
FEA analyst, but it is useful to know how this occurs.

The finite element model is a system composed of several elements connected at nodes. The global
stiffness matrix of the model is built by assembling each individual element’s stiffness matrix.

At the beginning of this chapter, the way the stiffness matrices of individual elements are computed,
based on element properties (degrees of freedom, geometry, and materials), was presented. This
section will explain how these elemental matrices are assembled into the global stiffness matrix for
the entire model.

6.1. MATRIX ASSEMBLY

The assembly of elements consists of placing each elemental matrix in an appropriate position in the
global matrix, based on degrees of freedom. The procedure is best understood through a simple
example.

Let’s consider a simple rectangle plate discretized using four constant strain triangular (CST)
elements as shown in Fig 55. Six nodes are involved in this discretization. Each CST element has two
degrees of freedom at each node, so the total number of degrees of freedom for the plate is6 x 2 =
12. Then, the stiffness matrix for the plate meshed with four CST elements will have a size of 12 x 12.
The elements and the nodes are numbered as shown in Fig 55.

AV1 AV2 AV3
Node Node Node
# U1 #2‘ ;uz a U3
Element
AVy AVe
Element
#1 #4
’ aUs :U: ’ ;UG
Node Node Node
#4
#5 #6

FiG 55 — SIMPLE RECTANGLE PLATE DISCRETIZED WITH FOUR CST ELEMENTS

The form of the stiffness matrix corresponding to the CST elements meshing is shown in Fig 56: two
columns and two lines per element for a total of twelve degrees of freedom for the rectangular plate.
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Node 1 Node 2 Node 3 Node 4 Node 5 Node 6

Ui Vi uz V2 us V3 Us Vg Us Vs Ue Ve
Node yg
1 Vi
Node u,
2 V2
Node u3
Node 4
4 Va
Node usg
Node yg

FiG 56 — STIFFNESS MIATRIX FORM OF THE RECTANGLE PLATE MIESHED WITH FOUR CST ELEMENTS

Let’s closely examine how this global stiffness matrix is populated, which consists of passing the elements of
the mesh one by one and identifying the degrees of freedom involved in the construction of the elemental

stiffness matrix.
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Element 1: The element #1 is connected at the nodes #1, #4 & #5. So, the degrees of freedom
involved in the construction of the element #1 stiffness matrix are: (u1,v1), (us,va) & (us,vs). Using the

6 x 6 stiffness matrix of the CST element derived in a previous paragraph (see Eq 238), we have the

following matrix for the element #1 (note that the nodes are considered anti-clock wise; this

approach will be used for all elements):

[k]Element #1 =

Node #1
Ui Vi
T Ki1x  Ki1xy]
_kllyx k11y _
[ Ka1x k41xy'
_k41yx k41y _
[ k51x k51xy-
L .k51yx k51y _

Node #4

Ug Va
[ Kiax  Kiaxy]
-k14yx k14y L
[ Kaax k44xy'
_k44yx k44y J
[ k54x k54xy-
-k54yx k54y d

Node #5

Us Vsg
[ k15x k15xy— ]
_k15yx k15y |
[ k45x k45xy_
.k45yx k45y E
[ Kssx  Kssxy]
.k55yx k55y 4

Eq 397

Now, the key question is, at which location of the global stiffness matrix the element #1 matrix will

be located? The answer lies in the list of degrees of freedom involved with the element #1 matrix

formulation: (u,v1), (us,va) & (us,vs). The Fig 57 shows the elemental matrix Eq 397 written at the

appropriate locations of the global stiffness matrix based on the degrees of freedom of the element

#1.

Node 1 Node 2 Node 3 Node 4 Node 5 Node 6
ui Vi u2 V2 us V3 Ug Vq Us Vs Ue Ve

Node U1 | kfiy | Kfixy kfax | kiixy| kisx k15xy

! Vi kllyx klly k14yx k14y k15yx k15y

Node U2

2 Vo

Node U3

3 V3

Node Ua | kit | Kfixy Kiix | Kiixy| k§3x k4-5xy

N Va k41yx k:%y k4-4-yx ktﬂy k4-5yx k4-5y

Node Us k51x kSlxy k54x k54xy k55x k55xy

> Vs kSlyx k51y k54yx k54y k55yx k55y

Node Us

6 Ve

FiG 57 — GLOBAL STIFFNESS MIATRIX POPULATED WITH ELEMENT #1 MATRIX
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Element 2: The element #2 is connected at the nodes #1, #5 & #2 (again, note that the nodes are
considered anti-clock wise). So, the degrees of freedom involved in the construction of the element
#2 stiffness matrix are: (ug,v1), (us,vs) & (uz,v2). Using the 6 x 6 stiffness matrix of the CST element

derived in a previous paragraph (see Eq 238), we have the following matrix for the element #2:

[k]Element #2 =

The Fig 58 shows the elemental matrix Eq 398 written at the appropriate locations of the global

Node #1
Ui Vi
T Ki1x  Ki1xy]
_kllyx k11y _
[ k51x k51xy_
.k51yx k51y _
[ Ko1x  Ka1xy]
B .k21yx k21y _

Node #5

Us Vsg
[ k15x k15xy—
-k15yx k15y L
[ Kssx k55xy'
-k55yx k55y |
[ k25x k25xy-
-k25yx k25y E

Node #2

uz V2
[ Ki2x  Ki2xy]]
_klzyx k12y |
[ k52x k52xy_
.k52yx k52y |
[ koox  Kazxy)
_k22yx k22y 1]

stiffness matrix based on the degrees of freedom of the element #2.

Eq 398

Node 1 Node 2 Node 3 Node 4 Node 5 Node 6
Ui Vi U2 V2 us3 V3 Ug Va Us Vs Ue Ve

Node U1 k11x kllxy k12x k12xy k15x lexy

! Vi1 kllyx klly k12yx k12y leyx kfgy

Node Uz | k5%, k21xy k535 k22xy k52, kZSx}

2 V2 k21yx k21y k22yx k22y k25y3< k‘zzt%y

Node U3

3 Va

Node U4

4 V4

Node Us k51x k51xy k52x k52xy k55x k55xy

> Vs k51y9< kg%y k52y9< kg%y k55y3< ksegy

Node Us

6 Ve

FiG 58 — GLOBAL STIFFNESS MIATRIX POPULATED WITH ELEMENT #2 MATRIX
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Element 3: The element #3 is connected at the nodes #2, #5 & #3. So, the degrees of freedom
involved in the construction of the element #3 stiffness matrix are: (uz,v2), (us,vs) & (us,v3). Using the
6 x 6 stiffness matrix of the CST element derived in a previous paragraph (see Eq 238), we have the

following matrix for the element #3:

[k]Element #3 =

The Fig 58 shows the elemental matrix Eq 399 written at the appropriate locations of the global

Node #2
uz V2
[ K22x  K22xy]
_k22yx k22y _
[ k52x k52xy_
.k52yx k52y _
[ K3zx  K32xy]
-.k32yx k32y.

Node #5

Us Vsg
[ k25x k25xy—
-k25yx k25y L
[ Kssx k55xy'
-k55yx k55y |
[ k35x k35xy-
-k35yx k35y E

Node #3

us V3
[ Kazx  Kazxy]]
_k23yx k23y |
[ k53x k53xy_
.k53yx k53y L
[ K33x  K33xy]
.k33yx k33y.-

stiffness matrix based on the degrees of freedom of the element #3.

Eq 399

Node 1 Node 2 Node 3 Node 4 Node 5 Node 6
Ui Vi U2 V2 us V3 Usg Va Us Vs Ue Ve
Node U1
1 Vi
Node U2 k53 k22xy k53 k23xy k53, kZSx}
2 V2 k22yx kg%y k23yx kggy k25y9< kggy
Node U3 kS5, k32x} kS3x k33x} kS3, k35xy
3 V3 k32y3< k32y k33y3< k33y k35yx k35y
Node Us
4 V4
Node Us k52x k52xy k53x k53xy k55x k55xy
> Vs k52y9< kg%y k53y9< kggy k55y3< ksegy
Node Us
6 Ve

FiG 59 — GLOBAL STIFFNESS MIATRIX POPULATED WITH ELEMENT #3 MAATRIX
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Element 4: The element #4 is connected at the nodes #3, #5 & #6. So, the degrees of freedom
involved in the construction of the element #4 stiffness matrix are: (us,vs), (us,vs) & (us,vs). Using the
6 x 6 stiffness matrix of the CST element derived in a previous paragraph (see Eq 238), we have the

following matrix for the element #4:

[k]Element #4 =

The Fig 60 shows the elemental matrix Eq 400 written at the appropriate locations of the global

Node #3
us V3
[ K3zx  K3zxy]
_k33yx k33y _
[ k53x k53xy_
.k53yx k53y .
[ Keszx  Ke3zxy]
--k63yx k63y-

Node #5

Us Vsg
[ k35x k35xy—
-k35yx k35y L
[ Kssx k55xy'
-k55yx k55y |
[ k65x k65xy-
-k65yx k65y E

Node #6

Ue Ve
[ Kk3ex  Ksexy]]
_k36yx k36y |
[ k56x k56xy_
.k56yx k56y L
LR
-k66yx k66y--

stiffness matrix based on the degrees of freedom of the element #4.

Eq 400

Node 1 Node 2 Node 3 Node 4 Node 5 Node 6
Ui Vi Uz V2 us V3 Usg Va Us Vs Ue Ve
Node U1
1 Vi
Node U2
2 Vo
Node U3 K33y k33xy k$ex kSSxy k36x k36xy
3 V3 k33yx kggy k35yx k35y k36y3( k?e,gy
Node Us
4 V4
Node Us k53x k53xy k55x k55xy k56x k56xy
> Vs k53y9< k53y k55y3< k55y k56y9< kggy
Node Us kE3s k63xy késy kssxy késx k66x}
° Ve k63yx k63y k65y3( k65y k66y3( k66y

FiG 60 — GLOBAL STIFFNESS MIATRIX POPULATED WITH ELEMENT #4 MIATRIX
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Fig 61 shows a summary of the elements with their associated degrees of freedom (uj,vi) fori=1to
6:

Node 1 Node 2 Node 3 Node 4 Node 5 Node 6
Ut | va | U2 f vo | us | vai | us | va | us | vs | us | Ve
Node U1 0 0 0 0
______________ E1,E2 E2 E1 E1,E2
A 0 0 0 0
Node Uz 0 0 0 0
______________ E2 E2,E3 E3 E2,E3
2y, 0 0 0 0
Node U3 0 0 0 0
E3 E3,E4 E3,E4 E4
3. w0 o0 o | o
Node ug 0 0 0 0 0 0
______________ E1 E1 E1
4 Va 0 0 0 0 0 0
Node Us
______________ E1,E2 E2,E3 E3,E4 E1 E1,E2,E3,E4 E4
5 ve
Node Ug | O 0 0 0 0 0
E4 E4 E4
6 w| o 0 0 0 0 0

FiG 61 — GLOBAL STIFFNESS MIATRIX POPULATED WITH FOUR ELEMENTS OF THE DISCRETIZATION

The global structure stiffness matrix [K] for the rectangle plate meshed with four constant strain
triangular elements is obtained using the direct stiffness method:

(K] =) [kl £q 401

Where [k]e is the stiffness matrix of each element of the discretization. For example, for the position
framed in bold in Fig 61, the involved degrees of freedom are (us,vs) and (us,vs) for the elements #3
and #4. So the coefficients of the matrix at this position are:

El t #3 El t #4
[k35x k35xy] emen k35x k35xy] emen Eq 402
k35yx k35y k35yx k35y 9
kggx + kggx kggxy + kggxy
kS + RSy kSE, +KSE, =9 403
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Fig 61 shows that half of the positions in the matrix have null values. Moreover Fig 61 shows the
symmetry of the stiffness matrix. So, only the upper portion of the stiffness matrix needs to be
computed and stored to perform the structural analysis.

6.2. TAKING ADVANTAGE OF SPARSITY AND SYMMETRY

The global stiffness matrix for a structural FEM is a square matrix having the size (Total Number of
degrees of freedom) x (Total Number of degrees of freedom). In a complex medium- or large-sized
structural analysis, it is common to have a few million degrees of freedom, in total.

Let’s consider a small model with 100,000 degrees of freedom. The number of entries in the stiffness
matrix will be 100,000 x 100,000 = 10°. Therefore, assuming that each entry is saved in a double
precision variable of eight bytes, the memory required to store this matrix is 80 gigabytes.
Manipulating a global stiffness matrix of this size is not possible.

However, there are two properties of the global stiffness matrix that can be exploited to reduce its
size in memory:

e Matrix sparsity

e Matrix symmetry
In structural analysis, due to the method used to connect elements, many stiffness matrix [K] entries
are null. We call such a stiffness matrix sparse. Since a zero value does not contribute to the solution,
resolution algorithms ignore the null terms, and they do not need to be stored. Another interesting
property of the stiffness matrix is its symmetry: the upper terms (above the diagonal) are identical
to the lower terms (below the diagonal). Therefore, only half of the stiffness matrix must be stored—
usually, the diagonal and upper terms. These two fundamental properties of the global stiffness
matrix reduce the required memory and allow the FEA software to use smart schemes for storing the
stiffness matrix, generally in one of the following two formats:

e Banded Matrix
e Skyline Matrix Storage
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6.3. BANDED MATRIX

In matrix theory, a banded matrix is a sparse matrix whose non-zero entries are confined to a
diagonal band, comprising the main diagonal and zero or more diagonals on either side. Fig 5 41
illustrates the banded matrix concept. Each black dot represents a term of the stiffness matrix. The
left view shows the matrix before bandwidth optimization. The right view shows the same matrix
with an optimized bandwidth.

Y t i kY

Fi1G 62 — (LEFT) ORIGINAL SPARE MIATRIX (RIGHT) MATRIX WITH OPTIMIZED BANDWIDTH

Banded matrices are common in many fields of scientific computing that require the solving of large
systems. A banded matrix has non-zero values only above and below the diagonal. From a
computational perspective, banded matrices are always preferred to similarly dimensioned square
matrices, because the work involved in performing operations such as multiplication decreases
significantly, which greatly reduces computation time. One of the most efficient algorithms for
minimizing bandwidth is the Cuthill-McKee algorithm, named after Elizabeth Cuthill and James
McKee. This algorithm uses a method based on renumbering the nodes that constitute the mesh.

From a practical point of view, the maximum bandwidth for a given matrix can be found by
considering each element in a mesh and finding the element with the largest difference in node ID.
To understand the concept, let’s consider the following simple example of a truss structure
composed of six elements and eight nodes, with node numbering as shown in Fig 63.

1 2 3 4

5 6 7 8

FiG 63 — ORIGINAL TRUSS STRUCTURE BEFORE OPTIMIZATION
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The stiffness matrix for this node arrangement is (the non-zero terms are denoted by a X and the
blank terms are null):

(X X X X
X X X X X
X X X X
— X X X
[KOriginal] - X X X Eq 404
X X X X X
X X X X
s X X X

Looking at the matrix above, it is noted that the non-zero terms extend five columns beyond the
main diagonal. It is possible to reduce the bandwidth by numbering the nodes differently. So, let’s
renumber the nodes as follow:

1 3 5 7

2 4 6 8

Fi1G 64 — NoDEs NUMBERING FOR BANDWIDTH OPTIMIZATION

The new stiffness matrix becomes:

X X X X
X X X
X X X X X
[KO o ]: X X X X X
ptimized X X X X X Eq 405
X X X X X
X X X
X X X X

The new node numbering gives a reduced bandwidth with three columns beyond the main diagonal.
In the commercial FEA codes, this operation is automatically performed without any action from the
user being required.
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6.4. SKYLINE MATRIX STORAGE

A symmetric sparse matrix can be stored using a matrix format called skyline matrix storage. This
format significantly reduces storage space and requires less computation.

To understand the skyline storage format, let’s look at another simple example. Consider the
following N x N = 6 x 6 sparse stiffness matrix:

Ky, 0 Ks 0 0 Ky
Ky 0 Ky O 0
K] =
[K] Ky 0 Kig Eq 406
K55 K56
[ s y m K6

Since the stiffness matrix is symmetric, only the upper portion is considered. The envelope of [K] is
defined as follows: from each diagonal entry move up the corresponding column until the last non-
zero entry is found. The remaining zero entries are removed. This envelope, called the skyline
template, defines the skyline profile of the matrix. A sparse matrix that can be profitably stored in
this form is called a skymatrix. Note that the skyline template may include zero entries.

Skyline template

Only entries in the skyline template must be stored, since null terms that are outside it will not
influence the results. A one-dimensional array is used to store the terms of the skyline template:

s : [K11, K22, K13, O, K33, K24, K3a, Kaa, Kss, K16, 0, O, Kas, Kse, Kes] Eq 407

The skyline array Eq 407 is complemented with an integer array p containing the addresses of the
diagonal terms in the skyline array s. The array p has (N+1) entries. The (i+1)™ entry of p contains the
location of it" diagonal entry of [K] in s. So, for the example matrix:

p: [01 1; 2; 51 81 91 15] Eq 408
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The terms of p for which the displacement component is prescribed are identified by a negative
diagonal location value in the p array. For example, if us and ue are the prescribed displacement
components in the example, then:

p:[0,1,2,5,-8,9,-15] Eq 409

So, finally, the symmetric squared stiffness matrix Eq 406 originally containing 36 terms is stored in
the following reduced format:

S={p, s}

Eq 410
S={[0,1,2,5,-8,9, -15], [K11, K22, K13, O, K33, K24, K34, Kaa, Kss, K16, 0, O, Kas,

Kse, Kee]}
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7. How ARE FEM EQUATIONS SOLVED?

A finite element analysis software is a set of algorithms, whose main function is to solve equilibrium
equations written in matrix form. Computational techniques and hardware evolve so quickly that
FEA software are frequently updated. The user can choose from a large library of resolution methods
to solve a problem. Among them, two main techniques stand out:
e The direct method, based on LDL™ decomposition
e The iterative method, based on substitution of an assumed solution into a system of
equations to obtain a better estimate of an unknown

7.1. DIRECT SOLUTION

With the direct method, the equilibrium equation {P} = [K]{u} is solved for unknown displacements
{u}, without inverting [K]. LDLT decomposition, the matrix form of Gaussian elimination, is an efficient
and accurate method, comprised of three steps:

e Step 1: Factorization: [K] = [L].[D].[L]"
e Step 2: Forward Substitution: {P} = [L].{y}
e Step 3: Backward Substitution: {y} = [D].[L]".{u}
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Step 1: Factorization

The stiffness matrix [K] is replaced by the product of three matrices [L], [D] and [L]":

[K] = [LL.[DLILTT Eq 411

[L] is the unit lower triangular matrix
[D] is the diagonal matrix
[L] is the unit upper triangular matrix

The factorization concept is illustrated for a n x n matrix:

K11 Kz Kiz Ky Kin
Ki, Ki Kz Kiy Kan
Kis K3 K3z Kz Ksn
Kis Kz Ksyp Kyg Kyn | =
—Kln KZn K3n K4n Knn
1 0 0 0 0ifP;;, O 0 O 0 171 Ly Ls; Ly LoaT
L,y 1. 0 0 offo D, 0 0O 00 1 Ly Ly L,
Ly; Ly 10 0[ffo0 0 Dy O 0flo 0 1 Ly Lps
Lyy Lip Lyz 1 Ofl 0 0 0 Dy 0Ojlo o o0 1 Ly
Lyt Lpp Lpys Lpa . . 1llo 0o o o . . Dbpyllo o o o . . 14
Eq 412

The decomposition means that the stiffness matrix [K] is separated into the product of three simple
matrices. The decomposition process consists in finding the factors for [D] and [L].

To compute the factors of the decomposition, the Cholesky decomposition is used. This method is
very efficient in terms of memory storage capacity, computational cost and speed. The factors of the
Cholesky decomposition are computed as:

j-1
Djj = Kjj — LJZ'kak Eq 413
k=1
Jj—1
1
For i > j Ly = D, Kij = ) LucLjk Dy Eq 414
k=1
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The implementation of the Cholesky decomposition is:
e The subscript i is the row index and the subscript j is the column index
e The decomposition is computed column by column
e The decomposition starts by the evaluation of the diagonal term of the column using Eq 413
e The other elements are evaluated row by row using Eq 414

Step 2: Forward Substitution

From the factorization performed at step 1, the equilibrium equation can be written:

[P] = [K].{u} = [L].[D].[L]".{u} = [L].{y} Eq 415
Where,
{y} = [D].[L]"{u} Eq 416

So {y} is computed by starting with the first equation in the system:

[P] = [L].{y}
(f1) r 1 0 0 0 07 /Y1y
f2 Ly 1 0 0 0f]y2
A R | 4
) i Lp Lus Lu o . 1)
So, starting from the first equation:
fi= Y1
And continuing with the next lines using the results obtained from the previous lines:
f=layi+y2=v2=1- Ly
fz =L31.y1+ Laa.ya + ya= y3 = f3- L31.ya - Laayz
...and so on.
So, the solution for {y} is given by:
i-1
yi = fi — ZLij'yj Fori=2ton Eq 418
j=1
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Step 3: Backward Substitution

Having computed {y} at step 2, it is easy to compute the unknown displacements {u} from {y} =

[D].[L]".{u} by starting with the last equation:
{y} = [D].[L]".{u}

(V1)
V2
V3
$Vayp
Y/
D1y 0 0 0 011 Lz L3z La Lp1] (M Eq 419
0 Dy O 0 01|10 1 Ly Ly Lya| | Y2
0 0 D33 0 0 O O 1 L4_3 LTL3 u3
=10 0 0  Dys 0 flo o 0 1 Lpaly Ua
Lo o0 o0 o0 .. Dyllo 0o o0 o 1 1 \uyJ
Starting from the last equation, i=n:
Yn = Dnn.un Eq 420
un is easily found,
Yn
= Eq 421
‘" Do |
Then, moving backward in the Eq 419, {u} is solved by:
Ui
1 N
= (%~ Z Ly, Fori=(n-1)to1 Eq 422
ii e
j=i+1
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7.2. ITERATIVE SOLUTION

An alternative to the direct method is an iterative method used to solve a linear system of equations,
similar to the Jacobi method. Called the Gauss—Seidel method for the German mathematicians Carl
Friedrich Gauss and Philipp Ludwig von Seidel, it is also known as the Liebmann method, or the
method of successive displacement. Though it can be applied to any matrix with non-zero elements
on the diagonals, convergence is only guaranteed if the matrix is either diagonally dominant, or
symmetric and positive definite. The Gauss-Seidel method can be used to solve a square system of n
equations with unknown displacements {u}:

{P} = [K|{u}
(f1) (K11 Kiz Kiz Kia o . Kin] Uny
f2 K1 Kiz Kizs Kan o 0 Ko || W2
f3 K31 K3, K3z Kz . . Kzp||Us £q 423
$far=|Kan Kiz Kiz Kag o . Kgp|{Usap
\f) LKni Kno Knz Kna o . Kppl \Un/

First, the stiffness matrix [K] is decomposed into a lower triangular component [L]iower and an upper
triangular component [L]UPPer:

[K] = [L]Lower + [L]UPPEr

K11 Kz Kz Kig Kin
K21 KZZ K23 K24- KZn
K31 K32 K33 K34- K3n
K41 K42 K43 K44 K4n

01 0 Kiz Kiz Kia Kin
K1 Kz 0 0 0 0 Ky3 Ky Kon
K31 K32 K33 0 0 0 0 0 K34. K3n
=Ky Kiz Kiz Kyg OJj+jo 0o 0 O Kyn

-Knl an Kn3 Kn4- Knn— L0 0 0 0 0

Eq 424
So, the equilibrium equation is written:
{P} = {u} [Lltower + {u} [L]VPPer Eq 425
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{u} [Lliower = {P} - {u} [L]VePer
Then, the iterative process is defined as:

{u}** U [L]ower = {P} - {u}d) [L]UPPer Eq 426
Where:

o {u}¥is the k' iteration of {u}
o {u}**js the (k+1)t" iteration of {u}
e The iteration process starts with an estimate.

The Gauss-Seidel method solves the left-hand side of Eq 426 for {u} using the previous value for {u}
on the right-hand side. This is written as:

Wt = (L], . ({P} — [L]UPPer{u}(®) Eq 427

Taking advantage of the triangular form of [L], the elements of {u}**!) are computed sequentially
using forward substitution:

n n
. 1
Fori=1,2,.. (k+t1) _ = | £ _ (k+1) _ (k)

ori RS ILY) ui = K. ﬁ z K”u] z Kl]u] Eq 428

n i -

j=1 j=i+1
The iteration process continues until the solution converges:
(k+1) _ 4, (K)

I u®] ¢ Eq 429

<
llu@| h

where ¢is the tolerance for convergence control. The analyst must specify the maximum number of
iterations to be performed, and a convergence criterion must be defined to determine when the
solution converges. Since the iterative method must begin with an initial value, solvers typically use
a preconditioning algorithm. However, there is no guarantee that a solution will result within the
number of iterations specified by the user. For a large problem with a high number of degrees of
freedom and, therefore, a large number of equations, the iterative method requires less memory
than the direct method. Ultimately, the solution’s accuracy depends on the convergence tolerance:
a smaller tolerance will result in a more accurate solution but may take more iterations and,
consequently, more computing time.
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